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RANDOM WALKS ON SUPERCRITICAL PERCOLATION 

CLUSTERS 1 

By Martin T. Barlow 

University of British Columbia 

We obtain Gaussian upper and lower bounds on the transition 
density qt{x,y) of the continuous time simple random walk on a 
supercritical percolation cluster Coo in the Euclidean lattice. The 
bounds, analogous to Aronsen's bounds for uniformly elliptic diver- 
gence form diffusions, hold with constants c; depending only on p (the 
percolation probability) and d. The irregular nature of the medium 
means that the bound for qt(x, ■) holds only for t > S x (u), where the 
constant S x {to) depends on the percolation configuration to. 

0. Introduction. In this paper we study the simple random walk on 
the infinite component of supercritical bond percolation in the lattice Z d . 
We recall the definition of percolation [see Grimmett (1999)]: For edges 
e = {x,y} £ Erf = {{x,y} :\x — y\ = 1}, we have i.i.d. Bernoulli r.v. ?/ e , with 
^p(Ve = 1) = p € [0, 1], defined on a probability space (0,.F, P p ). Edges e 
with r] e = 1 are called open and the open cluster C(x) that contains x is the 
set of y such that x and y are connected by an open path. It is well known 
that there exists p c € (0, 1) such that when p> p c there is a unique infinite 
open cluster, which we denote Cqo = C^oS). 

For each oj let Y = (Y t ,t > 0,P£,x £ Coo) be the continuous time simple 
random walk (CTSRW) on Coo', Y is the process that waits an exponential 
mean 1 time at each vertex x and then jumps along one of the open edges 
e that contains x, with each edge chosen with equal probability. If we write 
v xy {iS) = 1 if {x, y} is an open edge and otherwise, and set /i(x) = J2 y v xy, 
then Y is the Markov process with generator 

(o.i) £ w f(x) = »(xy 1 J2vx V (f(y)-f(x)), xec^. 
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A number of papers have studied this process or the closely related dis- 
crete time random walk X = (X n ,n > 0,P%,x € Coo). De Gennes (1976) 
discussed the link between the behavior of X and resistance properties of 
Cqo, and coined the term "the ant in the labyrinth" to describe its motion. It 
is believed that, in all dimensions, there is no infinite cluster if p = p c (this 
is known to be true if d = 2 or d > 19). Kesten (1986a) defined the incipient 
infinite cluster when d = 2, and proved [Kesten (1986b)] that the random 
walk on this set has subdiffusive behavior. 

For the supercritical case p > p c , Y is expected to have long time behavior 
similar to the random walk on Z rf , and this has been confirmed in several 
ways. De Masi, Ferrari, Goldstein and Wick (1989) proved an invariance 
principle (d = 2), while Grimmett, Kesten and Zhang (1993) proved that Y 
is recurrent if d = 2 and transient when d > 3. 

More recent papers have studied the transition density of Y with respect 
to fi: 

(0-2) qt(x,y) = q?(x,y)=PZ(Y t = y)ti(yT 1 - 

Theorem 1.2 of Mathieu and Remy (2004) gives the (quenched) bound 

q?(0,y) <ci{p,d)t- d ' 2 , t>T H,yGCoo, 

Pp-a.s. on the set {a; : € Coo}, while a similar (annealed) estimate was given 
by Heicklen and Hoffman (2000), but with an extra logarithmic factor. 
The main result of this paper is the following two-sided bound on qt. 

Theorem 1. Let p> p c . There exists Oi C O with P p (J7i) = 1 and r.v. 
S x ,x £ Z rf , such that S x (lo) < oo for each to € Q±, x € C 00 (cl'). There exist 
constants Ci = Ci(d,p) such that for x,y € Coo(w), t > 1 with 

(0.3) 5 x (w)V|x-i/|i<t, 

the transition density q^{x,y) ofY satisfies 

(0.4) cir d / 2 exp(-c 2 |x - y\\/t) < q?(x,y) < c^ d ' 2 exp(-c 4 |x - y\\/t). 
Remarks. 1. The usual graph distance on Z d is denoted \x — y\\ = 

Sj=l \ x i ~ Vi\- 

2. The CTSRW on Z d (i.e., p = 1) satisfies these bounds with S x = 1. For 
\x — y\\ > t, we have bounds which, up to constants, depend only on the tail 
of the Poisson distribution and not on the geometry of Coo; see Lemma 1.1. 

3. If G is any finite graph which can be embedded in Z rf , then Coo contains 
infinitely many copies of G (attached at one point to the rest of Cqo). Since 
(0.4) does not hold uniformly for all such graphs, it is clear that we cannot 
expect (0.4) for all x,y,t with \x — y\i < t. This irregularity of Coo is taken 
care of by the random variable S x ; after an initial period of possible bad 
behavior, qt(x,-) settles down to a distribution with Gaussian tails. 
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Fig. 1. Bond percolation with p — 0.53. T/ie vertices in the largest open cluster are 
marked with black circles. 



4. In (0.4) we can replace \x — y\i by the graph distance in Coo and, in 
fact, this is the result that we prove first (Proposition 6.1). 

5. The constants c, are nonrandom, and depend only on p and d. For p 
sufficiently close to 1 it would, in principle, be possible to estimate them by 
careful tracking of the various constants in this paper. However, for general 
p G (p c , 1) the constants arise in a noneffective fashion — if p> p c , then we 
know that certain kinds of good behavior occur in cubes of side k > ko(p, d), 
but have no control on ko- The constants c% then depend on ko. 

6. The tail of the random variable S x satisfies 

(0.5) F p (x G Coo, S x > n) < cexp(-c'n £d ); 

see Lemma 2.24 and Section 6. 
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7. Similar bounds hold for the discrete time r.w. X. The proofs (which 
are not given here) run along the same lines, but with some extra (mainly 
minor) difficulties due to the discrete time. Whereas Z rf and Coo are bipartite 
we need to replace q t (x,y) in (0.4) with p n _i(x, y) + p n (x,y). 

8. It seems very likely that this theorem holds for other lattices in Z rf and 
that the "random walk" part of the proofs below transfers easily to other 
situations, but many of the percolation estimates that we use have been 
proved only for the Euclidean lattice. 

Similar estimates hold in the annealed case. 

Theorem 2. Let p > p c . There exist constants Ci = Ci(d,p) such that for 
x, y € Z d , t > 1 with \x — y\i < t, 

(Q6) c l t- d l 2 ^ V {-c 2 \x-y\l/t) <E p (g^(z,y)|o;,y€C 00 ) 

<c 3 t- d / 2 eM-c4\x-y\l/t). 

An immediate consequence of Theorem 1 is that Y is transient if and only 
if d > 3, but of course this was already known from Grimmett, Kesten and 
Zhang (1993). As an example of a new application, the off-diagonal bounds 
in Theorem 1 enable us to control harmonic functions on Coo- Write d w (x,y) 
for the graph distance on Coo and let B iU (x, R) = {y: d LU (x, y) < R} for balls. 
A function h: B UJ (xo, R + 1) — > K is harmonic on B 0J (x,R) if Ch(x') = 0, 
x' £ B u {x,R). We have the following Harnack inequality. 

Theorem 3. Letp > p c . There exists c\ = c\(p, d), fi] C with P p (J7i) = 
1 and Rq(x,uj) such that Rq(x,lu) < oo for each u eQi, x £ Coq. If R> 
Ro(x,u) and h : B UJ (x, 2R + 1) — > (0,oo) is a positive harmonic function on 
B UJ {x,2R), then writing B = B UJ (x, R), 

(0.7) sup h < c\ inf h. 

B b 

This leads immediately to the Liouville property for positive harmonic 
functions. 

Theorem 4. (a) Let /i:Coo — >M be positive and harmonic on Coo. Then 
h is constant. 

(b) Let T denote the tail a-field of Y . There exists 0,2 with P p (f)2) = 1 
such that for each uj € and for each F E T, either P£(F) = for all 
x € Coo(uj) or else P^{F) = 1 for all x <E C^u). 

Remark. The Liouville property for bounded harmonic functions on Coo 
is already known; see Kaimanovitch (1990) and Lemma 4.6 of Benjamini, 
Lyons and Schramm (1999). 
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We can also use Theorem 1 to estimate E^\Yt — x\ 2 . 

Theorem 5. Let p > p c . There exists Oi CO with F p (Qi) = 1 and r.v. 
S' x ,x € 7L d , such that S' x {uj) < oo for each oj € x € C^uj). There exist 
constants < C5 < cq such that for x 6 C^ui), t> S' x , 

(0.8) c 5 t<E*\Y t -x\ 2 <c G t. 

This result implies that the (annealed) invariance principle, proved in De 
Masi, Ferrari, Goldstein and Wick (1989) for d = 2, can be extended to d > 3. 
See Sidoravicius and Sznitman (2003) for a discussion of this and for a much 
more delicate quenched invariance principle when d > 4. 

The proof of Theorem 1 breaks into two fairly distinct parts. First (Sec- 
tion 2) we prove suitable geometric and analytic properties of Coo. Then 
(Sections 3-5) we use "heat kernel" techniques to obtain the estimate (0.4). 
These techniques originate in the work of De Giorgi, Moser and Nash on 
divergence form elliptic equations; more recently they have been employed 
to study random walks on graphs. While they have been very successful in 
a wide variety of algebraic and geometric contexts, this has almost always 
been in circumstances in which the same regularity condition holds for all 
balls of a given size r. 

A guide to the kind of properties we need is given by the following theorem 
from Delmotte, which is a translation to graphs of results from Grigor'yan 
(1992) and Saloff-Coste (1992) on manifolds. (The version given here has 
been adapted to the CTSRW on a positive density subgraph Q of Z d .) 

Theorem A [see Delmotte (1999)]. Let Q = (G,E) be a subgraph of Z d 
with graph distance d. Let cq, c\ and C2 be positive constants. Suppose that 
Q satisfies the following two conditions. 

(a) For all balls B(x,R) in G, 

(V d ) c R d <fi(B(x,R))< Cl R d . 

(b) For any ball B = B(x, R) and function f :B — >]R ; writing fs = J2xeB i ( x ) M^) / M-^) > 

(PI) £ (/(*) - f B fn{x) < c 2 R 2 £ 2 " ^)) 2 - 

y~x 

Then the transition density qt(x,y) ofY satisfies, for t > d(x,y) V 1, 
(0.9) c 3 t- d / 2 eM-Cid{x,y) 2 /t) < q t (x,y) < c 5 t~ d / 2 exp(-c 6 d(x, y) 2 /t). 
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The first condition is of regular volume growth of balls in Q, and can be 
replaced by a more general "volume doubling" condition. The second is a 
family of Poincare or spectral gap inequalities for Q. 

This theorem suggests that to prove Theorem 1, we should obtain volume 
growth and Poincare inequalities for Coo. Some results of this kind are in 
the literature; see Pisztora (1996) and Deuschel and Pisztora (1996) for 
volume growth estimates, and Benjamini and Mossel (2003) for a Poincare 
inequality. These results show that for fixed x 6 Coo the probability that 
(Vd) and (PI) hold for a ball B UJ (x,R) increases to 1 as R — ► oo. 

However, on its own this is not enough to give Theorem 1. There are 
now several proofs of Theorem A [Delmotte (1999) used Moser iteration to 
prove a parabolic Harnack inequality], but all involve iterative methods or 
differential inequalities which use (Vd) and (PI) for many balls of different 
sizes. The exact definition of "good" and "very good" balls is given in Section 
1.7, but roughly speaking we say a ball B u (y,r) is good if (Vd) and (PI) 
hold, and a ball B UJ (x,R) is very good if all subballs B UJ (y,r) C B UJ (x,R) 
are good for r > R 1 /^ 2 ) . We need to prove that all sufficiently large balls 
B u} (xo,R) (centered at a fixed xq) are very good, and to do this we have 
to extend some of the estimates in the literature. This is done in Section 
2. The estimates in Pisztora (1996) and Deuschel and Pisztora (1996) are 
enough for the volume growth bounds, but more work is needed for the 
Poincare inequality. As in Benjamini and Mossel (2003), we prove this from 
an isoperimetric inequality, which was obtained by Benjamini and Mossel 
(2003) and Mathieu and Remy (2004). We use the methods of those papers, 
but the need for better control of the probabilities means that we have 
to rework some of these arguments to identify more precisely the set of 
percolation configurations u for which a ball is good or very good. If p is 
sufficiently close to 1, then a fairly direct counting argument [see Benjamini 
and Mossel (2003) and Mathieu and Remy (2004)] is all that is needed, but 
for general p> p c , we have to use a renormalization argument, as in Antal 
and Pisztora (1996). In this paper we follow quite closely the approach of 
Mathieu and Remy (2004); there is a gap in the renormalization argument 
of Benjamini and Mossel (2003). 

While percolation arguments generally use cubes in Z rf , the heat kernel 
estimates work most naturally if we use the "chemical" or graph distance 
du>(x,y) on Cqo. We can compare these two metrics using the main theorem 
of Antal and Pisztora (1996). 

Many of the methods used to derive (0.9) from (Vd) and (PI) are not 
suitable for the percolation context. For example, Saloff-Coste (1992) proved 
in that (PI) and (Vd) imply a Nash estimate: for / : G — > R, 
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and Carlen, Kusuoka and Stroock (1987) proved that (N) is equivalent to 

(0.10) q t (x,y) <c't~ d/2 for all x,y € G,t > 1. 

However, since Coo contains copies of {0, . . . , n} for all n, (0.10) is clearly false 
for Cqo. More generally, we cannot use any method which relies on global 
Sobolev inequalities; it is necessary to use local methods. [One approach 
here might be that of rooted or anchored isoperimetric inequalities as in 
Thomassen (1992) or Benjamini, Lyons and Schramm (1999). However, the 
correct extension to Nash or Sobolev inequalities has not yet been made.] 

In Section 3 we obtain an initial global upper bound on qt using the 
Poincare inequality directly, following the approach of Kusuoka and Zhou 
(1992). We can then obtain the off-diagonal upper bound in (0.4) using a 
method of Nash (1958), Bass (2002) and Barlow and Bass (1989). 

We use the method of Fabes and Stroock (1986), also based on ideas of 
Nash, to obtain a local lower bound; that is, for q t (x,y) if d(x,y) < i 1 / 2 . 
However, a difficulty arises in extending this to prove (0.4) for points x,y 
with d UJ {x,y) «t 1_£ . The standard technique is chaining: using a sequence 
of small balls B(zi,r) that connect x and y, and the Chapman-Kolmogorov 
equations. It turns out that we need to take r ~ t/d u] {x, y), so we may 
need balls so small that we cannot be sure that they are very good. This 
problem is resolved by an additional percolation argument: for some fixed 
r\ = n (p, d) S> 1 , we can show that the collection of good balls of size r > n 
is large enough so that a suitable chain [B(zi,r),0 < i < m] of very good 
balls exists with zq close to x and z m close to y. (see Theorems 2.23 and 
5.4). This argument needs renormalization techniques, even if p is close to 
1. 

Section 1 contains a brief account of various known facts on random walks 
on graphs which are used in the rest of the paper. The percolation arguments 
are given in Section 2. Sections 3-5 were written for a general graph Q that 
satisfies appropriate volume growth and Poincare inequalities, and can be 
read independently of Section 2. Upper bounds on q t are obtained in Sec- 
tion 3. Section 4 proves a weighted Poincare inequality from the unweighted 
(weak) Poincare inequalities derived in Section 2, using methods of Saloff- 
Coste and Stroock (1991) and Jerison (1986). This is then used in Section 5 
to obtain lower bounds on qt. Section 6 then ties these results together and 
gives the proofs of Theorems 1-4. 

We use Cj to denote constants whose values are fixed within each argument 
and use C. to denote constants fixed within each section; C2.3.1 denotes the 
constant c\ of Lemma 2.3, and c and d are constants whose values may 
change on each appearance. The constants Cj, Cj, c and d are always strictly 
positive. The notation k = k(p,d) means that the constant k depends only 
on p and d. 
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1. Graphs and random walks. In this section we review some well-known 
facts concerning graphs, random walks, and isoperimetric Cheeger and Poincare 
inequalities. Let Q = (G,E) be an infinite, locally finite, connected graph. 
We define weights u xy by 

1, if {x,y}£E, 
0, otherwise, 

and set fi(x) = Yly u xy We extend fi to a measure on G and extend v to 
a measure on E. Given a function f:G— >R, we define |V/|:i?— >M by 
\Vf\(e) = \f(x)-f(y)\ if e = {x,y}. We write 



ff= /7^=£/(sMs), 
/ |V/r= / |V/P^ = £(|V/|( e ))V. 

eS-E 

Let <i(x, y) be the graph distance on G and define B(x, r) = {y: d(x, y) <r}. 
We assume we have a global upper bound on the size of balls: for any i£G, 
r > 1, 

(1.1) fi(B(x,r))<C r d . 
Note that this implies that for each x € G, 

(1.2) l<fi(x)<Co- 

Let y = (It, t > 0, P x , x € G) be the continuous time random walk on G; 
this is the Markov process with generator 

(1-3) Cf(x) = ^(x)- 1 £ ^(/(y) - /(*)). 

Thus y waits at x for an exponential mean 1 random time and then moves 
to a neighbor of x at random. We define the transition density of Y with 
respect to fi (or heat kernel density) by 

q t {x,y) = ^ y y 1 P x {Y t = y). 

Note that by (1.2) we have qt(x,y) < 1 for all x,y,t. Given any points 
xo, ■ ■ ■ , Xk 6 G and times t\,...,tk, then by the Markov property, if t = J2k tk, 

k 

qt(x , x k ) > ^(xfc)" 1 J] P x ^ (Y u = Xl ) 

(1-4) <? 

= K x k) X W_Q.t i {xi-i 1 x i )ii(xi) > \\_q tl {xi-i,Xi). 

i=l i=l 

We begin by recalling some general bounds on qt. These are not given in 
full generality, but just as they apply to the situation here. 
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Lemma 1.1. Let Q satisfy (1.1). 

(a) There exist constants Ci = Cj(d, Co) such that, writing D = d(x,y), 
1.5) qt(x,y) < ciexpf ° 2D V £<i, 



(1.6) 



1 + log — ) 



< c' exp ^—c^D ^1 + log 



D>t > 1 



and 

(b) If d(x,y)>R>2 and t < c 5 R 2 / log R, then 

(1.8) qt(x,y)<cet- d . 

PROOF, (a) See Corollaries 11 and 12 of Davies (1993) for (1.5) and 
(1.6). For the discrete time random walk X on Q, the lower bound in (1.7) 
is immediate from Theorem 2.2 of Coulhon and Grigor'yan (2003) and (1.1), 
while the upper bound follows from Theorem 2.3 of Coulhon and Grigor'yan 
(2003) and the fact that fi(B(x,r)) > r for all r > 1. These bounds then 
transfer to qt by integration. 

(b) If t < c 5 R 2 / log R, then tlogt < 2c 5 R 2 provided R > c 7 . Hence r d > 
exp(—2dc^,R 2 /t) and, taking C5 sufficiently small, the bound (1.8) is an easy 
consequence of (1.5). If R < eg, then t < eg and (1.8) still holds on adjusting 
the constant cq. □ 

We now review some geometric and analytic inequalities on Q. Let H CG 
be finite, write 

E(H)={e = {x,y}:x,yeH} 

and call TL = (H, E(H)) the induced subgraph on H. We define the measures 
^0 ° n H and on E(H) in the same way as ji and u are defined for Q. 
Note that while vq and v agree on E(H), we have only 

(1.9) fi (A)<fi(A)<C ^(A), ACH. 
We now assume that 7i is connected. For A\,A2 QH let 

(1.10) d E (A 1 ,A 2 ) = {e = {x,y}:xeAi,ye A 2 }. 
Let 

,( BE (AH A }) aqh 
(J>o{A) 
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and define 



(1.11) J n = min 



Lemma 1.2. The minimum in (1.11) is attained by a set A such that A 
and H — A are connected. 

This is quite well known. For a proof, see, for example, Section 3.1 of 
Mathieu and Remy (2004). 

Lemma 1.3 [see Mathieu and Remy (2004), Section 3.1, and Benjamini 
and Mossel (2003)] . Let H be finite and connected. 

(a) There exists In > 2/fiQ (H). 

(b) // I* H = m.in{i(A) : < fi(A) < \n(H), A and H - A are connected}, 



PROOF, (a) Let < fi {A) < \n {H). Then since H is connected, 8e(A,H — 
A) is nonempty, so i(A) > 1/hq(A) > 2/no(H). 

(b) The left-hand bound in (1.12) is obvious. If < ^o{A) < ^fio(H), 
then since 1 < fi (H)/fi (H - A) < 2 we have i(A) < x(A) < 2i(A). This 
immediately implies that In < Jh < 21 h- Let A be a minimal set for Jh- 
By Lemma 1.2 we can assume that A and H — A are connected. We can 
also take fj, (A) < \hq{H). Then I* H < i(A) < x(A) = J H < 2I H , proving the 
right-hand bound in (1.12). □ 

PROPOSITION 1.4. Let H CG be finite. Suppose that I H > a" 1 , 
(a) If f:H->R, then 



then 



(1.12) 



Lh<L* h <2I h . 




(b) Iff:H 



M, then 



(1.13) 
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Proof, (a) This result is well known. For a recent proof, see Lemma 
3.3.7 of Saloff-Coste (1997). 

(b) Since (1.9) can be used to replace /io with fi, this follows immediately 
from (a). □ 

Inequality (1.13) is a Poincare or spectral gap inequality for H. The 
minimum in (1.13) is of course attained by the value a = fp = Jh f dfx/fJ,(H). 
The following result is immediate from Lemma 1.3 and Proposition 1.4. 

Corollary 1.5. Let H C 67 be finite and connected, and let Ph be the 
best constant in the Poincare inequality (1.13). 

(a) There exists Ph < cfi(H) 2 . 

(b) If i(A) > a" 1 for all iC H such that A and H — A are connected, 
then Ph < ca 2 . 

We note the following discrete version of the Gauss-Green lemma. 

Lemma 1.6. Let f,g e L 2 (G, /i). Then 

(1.14) ]T g(x)Cf(xMx) = ± ££(/(*) - f(y))(g(x) - g(y))v xy . 

x&G a; y 

In the sequel we need the following definitions. 

Definition 1.7. Let CV, Cp and CV > 1 be fixed constants. We say 
B(x,r) is (Cv,Cp,Cw)-good if 

(1.15) C v r d <pi(B(x,r)) 
and the weak Poincare inequality 

(1.16) / (f-f B ( x ,r)) 2 dfi<C P r 2 f \Vf\ 2 du 

JB(x,r) JE(B(C w x,r)) 

holds for every / : B(x, Cwt) — ► K. 

We say B(x, R) is (Cy,Cp, Cw)-very good if there exists Np = ^ 
.Ri/(d+2) such that B(y,r) is good whenever B(y,r) C B(x,R), and Np < 
r < R. We can always assume that Np > 1. Usually the values of Cy,Cp 
and Cw are clear from the context and we just use the terms "good" and 
"very good." 
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2. Percolation estimates. We work with both bond and site percolation 
in Z d . We regard Z d as a graph, with edge set E^ = {{x,y} :\x — y\ = 1} 
and write x ~ y to mean {x, y} G E<j. Given Q C Z d , define the internal and 
external boundaries of A C Q by 

di(A\Q) = {y G A:y ~x for some x G i c nQ}, 

a e (A|Q) = {y G A c n Q : y ~ s for some x G A} = $(Q - A|Q). 

We begin with the notation for site percolation. Let q G (0, 1) and Vl s = 
{0, l} zd , and define the coordinate maps ( x (u>) = uj(x). Let Q q be the prob- 
ability measure on £l s which makes the C, x i.i.d. Bernoulli r.v. with Q q (Cx = 
1) = q. We call those x such that £ x = 1 the open sites and write = 0(oS) = 
{x:( x = l}. 

For iCZ rf we define the graph distance dji(x,y) to be the smallest k 
such that there exists a path 7 = {xo, %i, ■ ■ ■ , %k} Q A with x = xq, x^ = y 
and Xj_i ~ Xi, 1 < i < k. If there is no such fc, then d,A{x,y) = 00. [We have 
o!a(^i^) = 00 if x ^ A] We write d LU (x,y) = d,Q^(x,y) and refer to a path 
x = xo, xi, . . . , Xfc = y such that each Xj is open as an open path. We say A 
is connected if d^(x, y) <oo for all x,y £ A. 

Now write 

C(x) = {y:d u (x,y) < 00} 

for the connected open cluster that contains x. Write also, given Q C Z rf , 

Cq{x) = {y-d Qn0 ( u) (x,y) <oo}. 

This is the set of points connected to x by an open path within Q. We call 
sets of the form C(x) open clusters and call the sets Cq(x) open Q clusters. It 
is well known that there exists q c = q c (d) G (0, 1) such that if q > q c , then Q q - 
a.s. there is a unique infinite open cluster Cqq. However, for site percolation 
we are interested only in the case when q is either close to 1 or close to 0. 
Given a cube QCZ d , the set Q n Coo in general is not connected. We write 

C v (Q) for the largest open Q cluster. 

(We adopt some procedures for breaking ties.) 

Write \x — yjoo = maxj |xj — let E^ = {{x,y} : |x — y\oo = 1} and write 
x~y if {x,y} G E^. We also need to consider site percolation in the graph 
(Z d ,E^). We say that A C Z rf is -^-connected if A is connected in the graph 
(Z d ,E^) and we define the clusters C*(x) analogously. 

Definition 2.1. 1. Let Q be a cube of side n in Z d . We write s(Q) = n 
for the side length of Q. Let Q + = A\ (lZ d and Q® = A 2 nZ d , where Ai and 
A2 are the cubes in M d with the same center as Q and with sides |ra and 
|n, respectively. 
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2. A cluster C in a cube Q is crossing for a cube Q' C Q if for all d 
directions there exists an open path in C n Q' that connects the two opposing 
faces of Q'. 

3. The diameter of a set A is defined by diam(j4) = max{|x — y\oo : x, y € 
A}. 

4. Given a set A, we write \A\ for the number of elements in A. 

Remark. In the arguments in this section, we frequently need to assume 
that a cube Q is sufficiently large. More precisely, we need that s(Q) > m, 
where n\ = n\{d,p) is a constant that depends only on d and p. We make this 
assumption in our proofs whenever necessary without stating it explicitly 
each time. Unless otherwise indicated, the statements of the results are true 
for all n; this can be ensured by adjusting the constants so that the result 
is automatic for small cubes. 

Let Q be a cube in Define the event 

(2.1) K(Q, A) = |w:C v (Q) is crossing for Q and ^T^p > a|. 

The following estimate was proved in Theorem 1.1 of Deuschel and Pisz- 
tora (1996). 

Lemma 2.2. Let Q be a cube of side n and A < 1. Then there exists 
Qo = <lo(d, A) < 1 and Ci = Ci(X,d) such that if q 6 [qo, 1), then 

Q g (K(Q,A) c )< Cl exp(- C2 7i d - 1 ). 

Let S = {x £ Z d : x ~ 0} U {0}. For a G E define the shifted set of open 
sites O a = {x — a : x € 0}. Let 

(2.2) /3=l-2(l + rf)- 1 <(d-l)/d 
Set for r € N and e > 0, 

F(Q,r,a,e) = {any *-connected set AQQ with |A| = r 

satisfies l^nO^I > (1 — 
F(Q,e)= fl D HQ,r,<r,e). 

r>s{Q)0 o-eE 

Note that the event F(Q,r,a,e) is increasing and that although K(Q,X) is 
not in general increasing, it is if A > ^. 

Recall the following bounds on the tail of the binomial. 
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LEMMA 2.3. Let X ~ Binomial(n,p) and A € (0,1). Then 

F{X < Xn) < e~ nb{X ' p) , 
where b(X,p) — > oo as p — > 1 /or eac/i /ixed A G (0, 1). 

Lemma 2.4 [see Grimmett (1999), Section 4.2]. TTte number of *- connected 
sets A with \A\ = r containing a fixed point xo G Z rf is bounded by exp(cir). 

Lemma 2.5. Let e G (0,1) and Zei Q be a cube of side n. There exists 
Qi = °i( e > d) > °c snc/i i/ia£ if q>qi, then 

Q 9 (F(Q, e ) c )<cexp(-n' 3 ). 

Proof. If A is a fixed connected set in Q with |^4| = r, then by Lemma 
2.3, 

Q 5 (|inO ff |<(l- £ )|A|)<e- rf ( 1 -^. 

Given e, choose gi large enough so that b(X,p) > 2 + C2.4.1 for A > 1 — e, 
q > qi ■ Then since there are at most (n+ l) rf exp(c2.4.ir) *-connected sets in 
Q of size r, 

Q q (F(Q, r, a, e) c ) < (n + l) d exp(c 2 . 4 .ir - rft(l - e, q)) < n d e~ 2r 
and, as |S| = 2d + 1, 

00 

Q q (F(Q,e) c )< £(2d+l)(n + l) rf e- 2r 

r=no 

< cn d exp(-2n /3 ) < c'exp(-n /3 ). □ 

We collect from Deuschel and Pisztora (1996) the following results on the 
boundaries of discrete sets contained in cubes. 

Lemma 2.6. Let Q be a cube in Z d . 

(a) Let A^Q be -^-connected. Let Aj, 1 < j < k, be the connected com- 
ponents of Q — A. Then di(Aj\Q) and d e (Aj\Q) , l<j<k, are ^-connected. 

(b) Let ACQ with \A\ < (15/16)|Q|. Then 

(2.3) ^Kc^A^f^ and \A\ < c^d^Q)^^. 

Proof. Part (a) is Lemma 2.1(h) of Deuschel and Pisztora (1996), while 
the discrete isoperimetric inequality (2.3) is assertion (A. 3) on page 480 of 
Deuschel and Pisztora (1996). □ 

The following result is based on ideas in Mathieu and Remy (2004). Recall 
from (1.10) the definition of 8e{Ai, A2). 
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Proposition 2.7. Let e < l/(4d + 2) and A > |. Suppose that both 
F(Q,e) and K(Q,X) occur for a cube Q with side n. Let A C Q be con- 
nected. 

(a) If An C V (Q) = 0, then \A\ < cn^l^) < n . 

(b) // \A\ < ||Q| and AnC y (Q) / 0, i/ien £/tere exists c\ such that 

(2.4) \d E (AnC y (Q),{Q-A)r\C y {Q))\>c l n- 1 \A\. 
Proof. We write C v = C V (Q). 

(a) Let j4o be the connected component of Q — C v that contains A. 
By Lemma 2.6, ^(^olQ) is *-connected. The definition of Aq implies that 
di(A \Q) n O = 0. Since F(Q,e) occurs, this implies that \di(A \Q)\ < n 13 
[since otherwise |9j(Ao|Q) D 0\ > 0]. Hence by the discrete isoperimetric 
inequality (2.3), 

|^| < I A) I < c\di(A \Q)\ < cn^ d ~^ < n. 

(b) Now let A n C v ^ and |A| < n. So there exists iginC v . Since 
|C V | > there exists y G (Q — A) nC v and whereas C v is connected, there 
therefore exists {x' , y'} G d E (A n C V (Q), (Q - A) n C V (C})). So 

|^(^nC v (Q),(Q-^)nC v (Q))|>l>n" 1 |A|. 

It remains to consider the case AnC v / 0, |A| > n. Let 

Ai = lJ{ c Q(y) : v G ^(^4|Q) no- C v }, ^ = A U Al 

Let Cj, 1 < i < k, be the connected components of Q — A\ and let 

A 2 = |J{^ : ^ ncV = }' A 2 = A 1 UA 2 . 
It is clear from the construction of A\ and A 2 as a union of connected sets 
each connected to A or A\ that A 2 is connected. Note that since Aj U A2 C 
Q-C v and A'(Q,A) holds, we have |A 2 | < |A| + \Q-C y \ < ||Q[. 
We now show that 

(2.5) a e (A|Q)nC v = a e (,42|Q)nO. 

First let y G <9 e (A|Q) flC v , so that y ~ a; with x £ A. Whereas y G C v , we 
cannot have y G Ai U A2, so y £ A 2 and thus y G 9 e (^2|Q) H O. 

Now let y G d e (A 2 \Q) n 0, so that y ~ 2; for some z G ^2. If £ G A2, then 
z G Cj for some i. Hewever, because y ^ A\ and y ~ z, we have y G Q, 
a contradiction, so z G A\. If z G Ai, then z GC(x) for some x G <9 e (j4|<5) D 
— C v . Again we have y G a contradiction, so we must have z £ A 

and, therefore, y G 9 e (j4|Q). If y ^ C v , then because y G O, C(y) is included 
in Ai and y is in A±. Hence we have y G C v . This completes the proof of 
(2.5). 

Let F\, .. . ,Fi be the connected components of Q — A 2 , arranged in de- 
creasing order of size. 
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Case 1. Suppose that |r x | > ±\Q\. Let A 3 = A 2 l J(\J l i=2 T j ). By Lemma 2.6, 
d e (A 3 \Q) =5i(ri|Q) is *-connected. We also have d e (A 3 \Q) Qd e (A 2 \Q)- 
Note that since n< \A\ < \A 3 \ < ^\Q\, by the isoperimetric inequality, 

\d e (A 3 \Q)\ > c 2 \A 3 \ l - l ' d > c 2 n x - x l d > nK 

Since F(Q,e) holds, writing O' = f| CTe s C<x, 

\d e (A 3 \Q) n (0'f\ < \d e (A 3 \Q) n {O a ) c \ < (2d+l)e\d e (A 3 \Q)\. 

a 

We deduce 

\d e (A 3 \Q) n Q'\ > (1 - (2d+ l)e)\d e (A 3 \Q)\ > \\d e {A 3 \Q)\. 

If y £ d e (A 3 \Q) n £>', then y G d e (A 2 \Q) n and therefore, by (2.5), y G 
<9 e (^4|(5) n C v . So there exists x £ A with y ~ x. Whereas y £ O' , we have 
xG and thus xGC v . Hence {x,y} G n C v , (Q - A) n C v ). Thus 

n c\ (Q-A)n c v ) > \d e {A 3 \Q) n 0'| 
>±|0 e (A 3 |Q)| 

> \c 2 \A 3 \ 1 - 1 ' d > \c 2 n- l \A 3 \ > ic 2 n-Vl, 

proving (2.4) in this case. 

Case 2. Suppose |r x | < Note that 

\d E (A n c v , (Q - A) n c v )| = Y^ldEpj n c v , (Q - r,) n c v ) |. 

3 

We have 

(2.6) \di(TAQ) n 0'| < Ic^r, n c v , (Q - r,) n c v )|. 

For if y £ di(Tj\Q) n 0', then y G Tj and there exists x £ A 2 with x ~ y. 
So y £ d e (A 2 \Q) n and hence y G d e (A\Q) nC v by (2.5). Whereas y G 0', 
then x G 0, so that x G C v and hence x £ A since x cannot be in Ai U A 2 . 
Therefore {y, x} G d E (Tj l~lC v , (Q - Tj)nC v ). 

Next, each Tj intersects C v by the construction of A 2 . If |<9j(rj|Q)| > n 13 , 
then 

(^(r^lQ) n o'\ > Il^^-IQ)! > cir^l 1 - 1 ^ > c'n- 1 !^. 

If |ft(Tj|Q)| < n/ 3 , then |r,-| < cra^* -1 ) < n and 

| <9 S (Tj n C v , (Q - Tj ) n C v ) | > 1 > n~ 1 1 Tj I . 
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Combining these estimates we obtain 

\d E (A n c\ (Q-A)n c v )| = ]T|cW n c\ (Q - r,) n c v )| 

i 

>cn- 1 Y / \r j \>cn~ 1 (\Q-A 2 \). 

j 

Whereas \Q - A 2 \ > |n d > c\A\, this proves (2.4). □ 

We now follow the renormalization argument of Mathieu and Remy (2004), 
which uses techniques introduced by Antal and Pisztora (1996). We intro- 
duce a second percolation process, which is bond percolation on (Z rf ,E^). Let 
p G (0, 1): We set Qf, = {0, l} Ed , let rj e , e 6 E^, be the coordinate maps and 
let P p on Qb be the probability measure which makes r/ e i.i.d. Bernoulli r.v. 
with P p (ry e = 1) = p. We call the edges e such that r\ e = \ open edges and we 
write Oe = {e : r] e = 1} . An open path is any path 7 = {xq, . . . , x^} such that 
each € Oe- As for site percolation, we write d UJ (x,y) for the length 

of the shortest open path connecting x and y , and set d u (x,y) = 00 if there is 
no such open path. For a set A we write cIa(x, y) for the length of the shortest 
open path contained in A connecting x and y. Set C(x) = {y : d 0J (x, y) < 00}. 
Let 6(p) = P P (|C(0)| = 00) and p c = mi{p:6(p) > 0}. Then if p > p c , there 
exists Pp-a.s. a unique infinite cluster. We always assume that p > p c . We 
define Coo, Cq{x) and C V (Q) in the same way as for site percolation. 

Let n > 16 be fixed and let Q be a cube of side n. Recall the definition of 
Q + and crossing clusters from Definition 2.1. We define the event Rq{Q) in 
a similar fashion to the event in Antal and Pisztora (1996) and we set 

Ro(Q) = {there exists a unique crossing cluster C in Q + for Q + , all open paths 
contained in Q + of diameter greater than |n are connected to C 
in Q + and C is crossing for each cube Q' QQ with s(Q') > n/8}, 
R(Q) = R (Q) n {C V (Q) is crossing for Q} n {C V (Q + ) is crossing for 

Note that if u G i?(Q), then this forces C V (Q) C C V (Q+) and that C V (Q+) 
is the unique crossing cluster given by the event Rq{Q). 

Now let k>17 and consider a tiling of 7L d by disjoint cubes 

(2.7) T(x) = {y eZ d :xi<yi<Xi + k,l<i<d} 

with side fc — 1. Let 



(2.8) 
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Lemma 2.8. (a) Let Q be a cube of side k — 1 and let p > p c . There 
exists c\ = c\ (p, d) such that 

(2.9) F P (R(Q) C ) < cexp(-cifc). 

(b) The process (if x ,xGlj d ) dominates Bernoulli site percolation with 
parameter q*(k), where q*(k) — ► 1 as k — ► oo. 

Proof, (a) The bound F p (R (Q) c ) < cexp(-c'n) follows from Theorem 
3.1 of Pisztora (1996) (d > 3) and Theorem 5 of Penrose and Pisztora (1996) 
for d = 2. The estimate 

P P (C V (Q) is not crossing for Q) < cexp(-cV -1 ) 

follows from Theorem 1.2 of Pisztora (1996) {d > 3) and Theorem 1 of 
Couronne and Messikh (2003) (d = 2). 

(b) By (a) we have F p (ip(x) = 1) — > 1 as A; — > oo. The r.v. </3(x) an d ¥>(y) 
are independent if \x — y\oo > 3, so the result is immediate from Theorem 
0.0 of Liggett, Schonmann and Stacey (1997). [We remark that using this 

theorem means that the events defined in (2.5) of Antal and Pisztora 
(1996) are no longer needed.] □ 

Recall the definition of qi(e,d) from Lemma 2.5 and choose ko = ko(p,d) 
large enough so that q*(k) > qi(e,d) for all k > fco- We fix k = ko and refer 
to the process <p as the macroscopic percolation process. We write 0,C(x), 
to denote the open sites, open clusters for the macroscopic process and F 
for associated events. 

Let Q be a macroscopic cube of side m and associate with Q the mi- 
croscopic cube Q = \J{T + (x),x E Q}. Any (microscopic) cube which can be 
obtained in this way is called a special cube. Define T'(x) to be T(x) if x 
is in the interior of Q [so that T + (x) is in the interior of Q]. Otherwise, if 
x 6 di{Q\L d ), let T'(x) be T(x) together with all points in T + (x) which are 
closer to T(x) than any T(y), y ^ x, y G Q. Thus T'{x) is a (i-dimensional 
rectangle and Q is the disjoint union of the T'(x), x € Q. Note that each 
side of T'(x) (x 6 Q) is less than |(fco — 1). 

Fix eo = (4d + 2) _1 . 

Lemma 2.9. Let Q be a special cube with s{Q) = n and let Q be the 
associated macroscopic cube. Suppose that m = s(Q) > mo(fco) and that the 
event K(Q,\) nF(Q,e ) holds for (tp x ,x £Z d ). Then the cluster C V {Q) 
satisfies 

\C v (Q)\> Cl n d , diam(C v (Q)) = n. 
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PROOF. Write C x = C y (T + (x)). If x,y G O n Q and x ~ y, then the 
events R(T(x)) and R(T(y)) force the clusters and C y to be connected. 
Thus there exists a Q-cluster C' with UlC^a; G C v (<5)} Q C . It follows im- 
mediately that 

\C'\ > \C y {Q)\>lm d > Cl n d . 

Also, since C v is crossing for Q, we deduce that C is crossing for Q and 
diam(C') = n. 

It remains to prove that C = C V (Q). Suppose not. Choose mo so that 
(|/co) d < |m d and therefore the cluster C v (Q) is not contained in any one 
cube T+(x). Let x G C V (Q). Then C V (Q) nC x = and so C V (Q) n T + (x) 
consists of clusters which have diameter less than ko/8. Since C V (Q) contains 
points outside T + (x), it follows that C V (Q) nT(x) = 0. 

So, if Ti, . . . , Tfe are the connected components of Q — C V (Q), we deduce 
that for some j, C V (Q) C U{T'(x), x G Tj}. By Proposition 2.7(a) we deduce 
that \Tj \ < c2m d P/( d ~ 1 ^ and so if mo is large enough, 

\C v \<c 2 qk ) d m d(3 ^ <lm d , 
giving a contradiction. Thus C = C y (Q). □ 

Let Q be a special cube with s(Q) = n and let Q be the associated macro- 
scopic cube. For sets A\, A 2 CQ, let 

d E (A 1 ,A 2 \0 E ) = {{x,y}:{x,y} G O e ,x e A u y e A 2 }. 

Let iCC v = C V (Q) and let T = C y - A both be connected. Set 

A = {x£Q:AnT'(x)^0}, 

f = {x£Q:TnT'(x)^0}. 

Note that 

(2.10) L4| > \A\ > (%ky d \A\. 

Whereas A and T are connected, it is clear that A and T are connected. Let 
C v = C V (Q) be the largest open (macroscopic) cluster in Q. 

Lemma 2.10. Let Q be a special cube with s(Q) = n and let Q be the 
associated macroscopic cube. Suppose that m = s(Q) > mo(A;o) and that the 
event K(Q,l)nF(Q,e ) holds for (<p x ,x G lj d ). Let A^C and T = C V - A 
be connected. 

(a) Let x ~ y, x G A and y £Q — A with x,y G O. Then the set T + (x)C\Q 
contains at least one edge in 8e(A,T\Oe)- 
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(b) Suppose x £ A n T n O. Then the set T + {x) n Q contains at least one 
edge in d E (A,T\0 E ). 

Proof. As in Lemma 2.9 we have that C v is not contained in any one 
T + (x). Let C x =C v (T + (x)) be as in Lemma 2.9. 

(a) Since x £ A there exists x' € T{x) H A, so since C v is connected there 
exists an open path 7 C Q from 2/ to Q DT + (x) c . This path must have 
diameter greater than fco/3, so it is connected within T + (x) to C x . Hence 
x' is connected within T + (x) to C y . Choose y' S C y nT(y); then y' ^ A but 
y G C v . There exists an open path 7' from x' to y' that must contain at least 
one edge in 8e{A,Y\Oe)- 

(b) Let x' eAf]T'(x) and y' sTfl T'(x). Since ieO, both x' and y' are 
in C x and there therefore exists an open path in T + (x) between x' and y' . 
As in (a) this path must contain at least one edge in 8e{A,T\Oe)- d 

Proposition 2.11. Let Q and Q be as above with m = s(Q) > m . 
Suppose that the event K (Q, |) n F(Q,eo) holds for ((p x ,x € Z d ). Let A 
be a connected open subset of C V (Q) with \A\ < ^\C V (Q)\ and such that 
r = C V (Q) — A is also connected. Then 

(2.11) \d E {A,T\OE)\>c in - l \AV 

Proof. We write C v = C V (Q), C v = C V (Q). Since A + C V (Q) and C v is 
connected, we have \d E (A, T\Oe)\ > 1, so (2.11) is immediate if \A\ < c± 1 n. 
Also, using Lemma 2.10(a) we have 

(2.12) \d E (A,r\o E )\ > c 2 \d E (And, (q - A) n 

We consider four cases. 

Case 1. AnC v = 0. Let A be the connected component of Q - C v 
which contains A. By Proposition 2.7(a), |A| < cm^^" 1 ', so that 

\A\ < {po) d \A\ < ckim dl3 / {d -V < n, 

provided mo is large enough. Hence (2.11) holds for A. 

Case 2. 2nC v /0 and \ A\ < f \Q\. We apply Proposition 2.7(b) to see 
that 

\d E (Ar)C v ,(Q-A)nC v )\>cm- 1 \A\>cn- 1 \A\, 
and combining this with (2.12) proves (2.11). 
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Case 3. AnC v ^0, \A\ > \\Q\ and |f| < \\Q\. Using Lemma 2.9 we 
have |f | > (|/c )- d |r| > ^ ( § A; ) ~ d |C V | > cn d . So by Proposition 2.7(a), f n 
C v 7^ and we can therefore apply Proposition 2.7(b) to V to deduce 



\d E {mc v ,(Q-r)nc v )\ >cm- l \T\ ^cm-V^m" 1 ^!- 
Using (2.12) (with A and T interchanged) we deduce that 

\d E (T,A\0 E )\ > c 2 \d E (f n d, (Q - f ) n &)\ 

>c 2 \d E (fnC v ,(Q-T)nC v )\>n- 1 \A\. 

Case 4. AnC v ^ 0, \A\ > \\Q\ and |f| > §|Q|. Since A and f are both 
connected and F(Q,eo) holds, we have 

|in6|>(i- £o )L4|>i|g|, 
|f n6|>(i-e )|f|>ilQ|. 

Hence \AnfnO\> ||Q|. So by Lemma 2.10(b), 

\d E (A,T\0 E )\ > c\Anf n 0\ > c'm d > c"\A\, 
which implies (2.11). □ 

As in Section 1 we define 

v = u t u \ = / 1. if i x > y} is an °P en ed s e > 

xy xy \ 0, otherwise, 

jj,{x) = h(x){oj) = J2yV X y, x 6 Z d , and we extend v and fi to measures. If 
/ : A — > R, we write 



Let Q be a special cube and let Q be the associated macroscopic cube. 
Define 



H (Q)=K(Q,l)DF(Q, 



and extend the definition of Hq(Q) to all cubes Q by taking Hq(Q) = Hq(Q'), 
where Q' is the largest special cube contained in Q. [We set Hq(Q) = if 
there is no such special cube.] 

Recall the definition of from (2.2). 

Proposition 2.12. Consider bond percolation rj e on (Z d ,Ed) with p > 
p c . Let Q be a special cube of side n. 
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(a) There exists 

(2.13) F P (H (Q) C ) < ci exp(-c 2 nP). 

(b) Ifu£H {Q) and f:C v (Q)(uj) -►R, then 



(f(y)-fc-(Q))dfi<c 3 n 2 \Vf\ 2 du. 
C V (Q) JE{C^{Q)) 

Proof, (a) To prove (2.13) note that 

(2.14) F P (H (Q) C ) < F p (K(Q, f ) c ) + F p (F(Q, e ) c ). 

As the events K(-, |) and F(-, •) are increasing, the two probabilities on the 
right-hand side of (2.14) are bounded by the probabilities of these events 
with respect to a Bernoulli site percolation process with probability q* = 
q*(ko). Using Lemmas 2.2 and 2.5, 

F p (K(Q, If) + F p (F(Q, e ) c ) < Q q * (K(Q, |) c ) + Q q * (F(Q, e ) c ) 

< cexp(— cm d ~ 1 ) + c'exp (—c'mr) 

< cexp(— c'jtt). 

(b) This is immediate from Propositions 1.4 and 2.11. □ 

Remark. See Section 3.2 of Mathieu and Remy (2004) for similar bounds 
in the case when p is close to 1. 

Recall from Definition 2.1 that Q C Q® C Q+ . Let a £ (0, |), let Q be a 
cube with s(Q) = n and set 

H(Q, a) = R{Q) n {R{Q') fl H (Q') occurs for every cube Q' 

(2.15) with (Q') + QQ + , Q'DQ® + 

and n a < s(Q') < n}. 

Lemma 2.13. (a) Forp>p c , 

P p (tf(Q,a) c )<cexp(-cm Q/3 ). 

(b) Ifoj 6 H(Q,a) andQo C Q satisfies the condition (2.15), thenC v (Qo) C 
C V (Q+). 

Proof, (a) By (2.9) and (2.13), 

n 

(2.16) F p (H(Q,a) c ) < ^ cn d exp(-cir /3 ) < c' exp(-c 2 n Q/3 ), 
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proving (a). 

(b) Define a sequence of cubes Qi, < i < k, by Qi+i = Q\ and where 
we stop at the last cube Qk with C Q + . The events R{Qi) then force 
C V (Q 4 ) C C v (Q l+ i), so that C V (Q ) C C V (Q+). Since diamC v (Q+) = diam(Q+) > 
n/8, the event R(Q) implies that C V (Q^ ) C C V (Q+). □ 

Proposition 2.12 and Lemma 2.13 complete our results on the Poincare 
inequality in sets of the form C V (Q). However, to be able to obtain bounds 
(particularly lower bounds) on transition densities on Coo, we need to relate 
| a; — y\\ to the shortest path (or chemical) metric d u on Cx>- This was done 
in Theorem 1.1 of Antal and Pisztora (1996), but we need some minor ex- 
tensions of their results and it is desired to make this paper as self-contained 
as possible, so we repeat some of their constructions. 

Let k>17 and recall the site process (p(x) = 1_r(t(x)) introduced in (2.8). 
Set ip'(x) = 1 — f(x); since, by Lemma 2.8(b), ip dominates Bernoulli site 
percolation with parameter q*(k), ip is dominated by Bernoulli site per- 
colation with parameter q'(k) = 1 — q*(k). We consider the clusters of the 
process ipt on the graph (Z d ,E* d ). Given a function ip' :Z d -> {0, 1}, we write 
Q(iff) = {x-.ip'(x) = 1}. If tp'(x) = 0, we set C*(ip',x)=0, and if ip'(x) = 1, 
we let C*(<p',x) be the ^-connected component of 0((p') that contains x. Let 



For x, y 6 7L d let j(x,y) be a shortest path [in (Z d ,E d )] that connects x and 
y. Note that if x and y are contained in a cube Q, then 7(2;, y) C Q. Set 



The importance of W comes from the following result, which is Proposition 
3.1 of Antal and Pisztora (1996). 

Proposition 2.14. Let k>17,x,ye Z d and x, y G Z d be such that 
x € T(x) and y G T(y). Suppose that [for the bond percolation process r) e on 
(Qb,P p )] d UJ (x,y) < 00. Then there exists an open path ^'(x,y) that connects 
x and y contained in 



(2.17) 




if <ff(x) = 1, 
if (f/(x) = 0. 



(2.18) 



W(<f/,x,y)= |J Vtf,z). 



W'(x,y)= |J T+(z). 



z£W{p',x,y) 



In particular, d w {x,y) < \ W'(x,y) \ < (3k) d \W(ip' ,x,y)\. 



Proposition 2.15. Letp>p c . There exists ki = h(p,d) and Cap such 
that if k>k±, then the following hold. 
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(a) If x, y £ Z , x G T(x) and y G T(y), then 

F p (\W(ip',x,y)\ > C A p\x - y\i) < c 2 exp(-c 3 |x - y\i). 

(b) // x and ye Z d , A > 0, then 

F p ( max diam(P(</?', z)) > A I < c^\x — y\\ exp(— C5A) 

\«e7(S,y) / 



Proof, (a) This is proved on page 1047 of Antal and Pisztora (1996). 
(b) We choose k\ large enough so that q'(k) < q c for all k > k\. Since tp' 
is dominated by Bernoulli site percolation with parameter q' , we have 

Pp(diam(2%',z)) > A) < Q,/(2 + diam(C*(0)) > A) <cexp(-c'A). 

[For the second estimate above, see Theorem 5.4 of Grimmett (1999).] The 
bound in (b) is now immediate. □ 

Now fix ki as in Proposition 2.15 and set 



Let Q be a cube with side n. For x,y SQ let 

E{Q,x,y) = {x,y G C V (Q + ) :d C v ( Q+) (x,y) > C H \x - y\oo}- 

Lemma 2.16. Let p > p c , let Q be a cube with side n and let x,y & Q. 



Proof. Let x G T{x) and y G T(y). Suppose x,y G C V (Q + ). Then by- 
Proposition 2.14 there exists a open path 7' that connects x and y contained 
in W'((p', x, y). So if E(Q, x, y) holds, then either W'(<p', x, y) is not contained 
in Q + or 



(2.19) 



C H = dC AP (3k 1 ) d . 



Then 



F p (E(Q,x,y)) < cexp(-c 5 |a; -y|oo). 



C H \ x y |oo 



Thus 



F p (E(Q,x,y)) < F p (\W(<p',x,y)\ > C AP \x - y\ x ) 




< cexp(— c\x — y\\) + c\x — y\\ exp 




< cexp(-c|x - y\oo). 



□ 
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Let Q be a cube with side n. Set 



(2.20) 



D (Q) = R(Q)n{dcv iQ + ) (x,y)<C H \x-y\ oo 

if x, y G C V (Q+) n Q, |z - y|oo > n/12} 



and 



(2.21) 



D(Q,a) = {D (Q') occurs for every cube Q' with (Q') + C Q+, 

Q> n Q® ^ and n° < s(Q') < n}. 



Let also 



Bu{y,r) = {x:d^(x,y) < r}. 
Since Coo is embedded in Z d we have /j,(B UJ (y, r)) < Cor d for some Co = Cq{cL). 

Proposition 2.17. Letp>p c . 

(a) There exists P p (Dq(Q) c ) < c\ exp(— c 2 n). 

(b) T/iere exists F p (D(Q,a) c ) < c 3 exp(-c 4 n a ). 

(c) LetLu£D (Q) and x,y eQnC v (Q + ). Then d w (x,y) <C H n. 

(d) Letu£D(Q,a) and x,y £ Q® nC v (Q+) . T/ien 



(e) Ze£ cj € D(Q, a), let x £ Q® and Zei Q' satisfy the conditions in (2.21) 



with s(Q') = r. TTien Q' n C V (Q+) C B u (x, C H r) . 

Proof, (a) By Lemma 2.16, 

F P (D (Q) C ) < F P (R(Q) C ) + cexp(- C5 |z' - y'U), 



where the sum is over x' , y' € Q with \x' — y'\oo > n/12. Hence, using (2.9), 
(2.22) F p (D (Q) c ) < c(n + l) 2d exp(-c 5 n/8) < ci exp(-c 2 n). 

(b) This is immediate from (a), since 



P P (D(Q, a) c ) < ^2 (I n + exp(-c 2 r) < cexp(-c'n a ). 

r=n a 

(c) This is immediate if \x — y\oo > n/12. If |x — y|oo < n/8, then choose 
z' € C V (Q + ) n Q with n/12 <\z - x]^ < n/4 and n/12 <\z- y\oo < n/4. 
Since C V (Q + ) is crossing for Q, such a choice of z is possible. Then d UJ (x, y) < 
d UJ (x,z) + d u] (z,y)<2C H (n/A)<C H n. 



x-y\oo< du,(x,y) < C H ((l + n a ) V \x -y\oo)- 



n 
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(d) Since D(Q,a) C Dq(Q), this is immediate from (b) if |x — y|oo > n/12. 
Otherwise choose the smallest possible cube Q' such that s(Q') > n a V \x — 
y|oo and x,y G Q'. We have (Q') + c Q + - As m Lemma 2.13(b), we have 
C V (Q') C C V (Q+) and, by (c), d C v (Q+) (x,y) < C H s(Q') < Cu^x-y^ V (1 + 
n a )). 

(e) Since Dq{Q') occurs, this is immediate from (c). □ 

Recall from Definition 1.7 the definition of good and very good balls. 

Theorem 2.18. Leta G (0, \), letQ be a cube ofsiden, letuj G H(Q,a)n 
D(Q,a) and let C H n a <r<n. Write Q(y,s) = {z G Z d :\z-y\ QO < s}. Let 
yGC v (Q+)nQ® with Q(y,r + k )+ CQ+. 

(a) There exists Cy = Cy (p, d) such that 
(2.23) C v r d <\B UJ (y,r)\<Cor d . 

(b) There exist constants Cp(p, d) and C\y(p, d) such that if f : B LU (y, Cwr) — ► 
E and writing fs = fB^(y,r)j then 

(2-24) / U-fB^r)?d^<C P r 2 f |V/| 2 aV. 

(c) If(C H n a ) d+2 <R<nandBUy,^R)QQ®, thenB w {y,R) is (Cy,C P ,C w )- 
very good with N B ^^ y ^ < Cnn a . 

Proof. Recall from Lemma 2.13(b) that u> G H (Q, a) implies that C V (Q') C 
C V (Q + ) for every Q' satisfying (2.15). 

(a) Since B LU (y,r) C Q(y,r), the upper bound in (2.23) is clear. Let s = 
r/(2C H ), so that 2s > n a . By Proposition 2.17(e), C v (Q(y,s)) C Bu{y,C H s), 
so that by Lemma 2.9, 

|^(y,r)|>|C v (Q(y, S ))|>c lS d >c 2 r d . 

(b) Let Qi be the smallest special cube that contains Q(y,r); we have 
Qf C Q+. Let n = s(Qi). By Proposition 2.17(e), C v (Qi) C B u (y,C H ri) 
and so taking CW = 2C H , C v (Qi) C 5 w (y, CVr). By Proposition 2.12(b), 

{f-hfd^< ( (/-/ C v) 2 ^ 
<[ (/-/cv) 2 d/i 



<c 3 r 2 / \Vf\ 2 dv< Ci r 2 f |V/| 2 aV. 

JE(C V (Q!)) JE(B UJ (y,C w r)) 
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(c) This is immediate from (a), (b) and the definition of very good balls. 

□ 

Using the estimates in Lemma 2.13(a), Proposition 2.17(b) and and Borel- 
Cantelli lemma, we obtain the following lemma. 

Lemma 2.19. Let p > p c . For each x E Z d there exists M x (uS) with 
P P (M X >n)< c\ exp(— C2n a @) such that whenever n > M x , then H(Q,a) D 
D(Q,a) holds for all cubes Q of side n with x E Q. 

Remarks. 1. An inequality of the form (2.24) is called a weak Poincare 
inequality. In many situations (including this one) it is possible to derive a 
strong Poincare inequality (i.e., with C\y = 1) from a family of weak ones; 
see Lemma 4.9. 

2. Note that if x E Q and s(Q) > M x , then C V (Q) C C^. 

Theorem 2.18 and Lemma 2.19 are suitable for most of our needs, but 
they have the defect that the minimum size of ball inside a cube Q of side n 
for which the Poincare inequality is certain to hold increases with n. Since 
(for a fixed Cp) the cluster Cqq contains arbitrarily large balls in which 
the Poincare inequality fails, we cannot do better than this as long as we 
require it for all balls of some size. However, we can improve Theorem 2.18 
if we relax this condition, and in Section 5 we want to connect points by a 
chain of very good balls of some fixed size. To do this we need an additional 
percolation argument. 

We consider again Bernoulli site percolation £ x on (Z d ,Erf) with parameter 
q, where q > q c is close to 1. Let Q be a cube of side n. For x, y E Q, A > 1, 
let 

S{(,Q,\,x,y) 

(2 25) = K{ ®' {there 6Xist X '> V ' € CV(Q+) 

with |x — x'joo < n 1 / 9 , |y — y'loo < ?i 1//9 , 

such that (i C v(Q+)(x / ,y / ) < A|x-y|oo}. 
Note that this event is increasing. 

Lemma 2.20. Let Q be a cube of side n and let x,y E Q. There exists 
Q2 = 12(d) E (q c , 1) and Xq > 1 so that if q> q%, then 

(2.26) Q q (S((, Q, Xo,x, y) c ) < ci exp(-c 2 n 1 / 9 ). 

Proof. We follow the proof of Theorem 1.1 of Antal and Pisztora (1996) 
and consider the dual process to £ given by C,' x = 1 — £ x . We view (' as site 
percolation (with parameter q' = 1 — q) on the lattice (Z d ,E^) and write 
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€*{(,', z) for the *-connected cluster of the process £' that contains z. Then 
by Theorem 5.4 of Grimmett (1999) we can choose q2 large enough so that 
if Q > Q2, then 

Q,(|C*(C / ,^)|>A:)<exp(- C 3fc), k > 1. 

So, if 

G = {\C*((',x)\ <n 1 ' 9 for all xeQ}, 
then (using Lemma 2.2) 

(2.27) Q q (K(Q, |) c U G c ) < exp(-c 4 n 1/9 ). 

If \x — y\oo < n 1 / 9 and weG, there exists x' G C V (Q + ) with |x — x'|oo < 
n 1 / 9 . In this case we can take y' = x' . 

So suppose uj G G and \x — y|oo > n 1 / 9 . Let £ = \x — y|i and 7 = {x = 
xq,xi, . . . ,X[ = y} be a path in (Z d ,E^) of length I that connects x and y — 
note that 7 C Q. Whereas each cluster C*((',y), y G Q, has diameter less 
than n 1 / 9 , the path 7 must intersect C V (Q + ). Let V x and be the first and 
last (resp.) points in 7PlC v (Q + ); we have |x — V x \ < re 1 / 9 and \y — V y \ < n 1 / 9 . 

We take x' = V X , y' = V y and construct a path V from x' to 7/ in C V (Q + ). 
This path follows 7 whenever possible, and when it encounters a site 2 with 
Q z = it "walks around" C*(£',z) — this requires at most 3 d \C*(( f , z)\ steps. 
Since uj G G this path does not leave Q + . Hence, recalling from (2.18) the 
definition of W(-), 

(2.28) |T| < I + 3 d ]T |C*(C', «)| < 3 d |^(C',x',y')| < 3 d |W(C',x,y)|. 

i=0 

By Proposition 2.15(a) we have 

tr, onA Q q (\W{C,x,y)\ > c 5 |x - < c 6 exp(-c 7 |x - 

(2 - 29) <c 6 exp(-c 8 n 1 /9). 



Taking Ao = dc$ and combining the bounds (2.27)-(2.29) completes the 
proof. 

□ 

Let m > ko V k\ and let {T m (x),x G Z d } be the tiling of Z d by disjoint 
cubes of side m — 1 given by (2.7). Let ai = 1/(4 + d) and define [on the 
space (Jl,Pp) carrying the bond percolation process n e ] 

(2.30) Vi'"' 1 = l_ff(T m (x),ai)nD(T m (x),ai)) X G Z d . 

Lemma 2.21. There exists Ce = C^(d,p) > 1 suc/i i/iai /or any & > 
i/te process x G Z d , under F p dominates Bernoulli site percolation on 

Z d u>i£/i parameter 02- 
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Proof. Note that tp^ and ipy are independent if |5; — y|oo > 3. Us- 
ing this and the fact that P p (H (Q, a\) R D(Q,a\)) — >• 1 as p f 1, this is an 
immediate consequence of Theorem 0.0 of Liggett, Schonmann and Stacey 
(1997). □ 

Let Ao be as in Lemma 2.20 and let Q be a cube of side n. For xo, x\ G Q 
and Ce < tti < n 1 ' 9 set 

L(Q,m,x ,x 1 ) 

= {there exist x' ,x[ G C y {Q + ) with \xj — x'j\ < n 2 / 9 , j = 0, 1, 

(2.31) k with mk < 2Ao|xo — £i|oo and a path {yo, • • • ,2/fc} in (Z rf ,Ed) 
such that T m (^) QQ + ,0<i<k,x' o e T m (y ), x[ G T m (y fc ) 

and iJ(r m (yi),ai) nL>(T m (yi),ai) holds for each i}. 

Lemma 2.22. Let Q be a cube of side n and let Ce <m< n 1 / 9 . Then if 
\xo -xi\oo > n 2/9 

(2.32) f p (L(Q, m, x , xi) c ) < cexp(- Cl n 1/u ). 

Proof. Whereas m is fixed in this argument, we write T(x) for T m (x). 
Let n' be such that mn' >n> m(n' — 1). Let Q be a (macroscopic) cube of 
side n' such that Q C \J{T(x),x G Q}. Let Xj be such that x» G T(xj) and 
let s = |xo — Xi|i, so that m(s — 1) < |xo — xi|oo < m(s + 1) and s > n 1 / 9 . 
Let 5 = S^" 1 ) , Q, Ao, xo, xi) be the event defined from the process ip( m ' in 
the same way as S(-) in (2.25) is for £. Then, as S is an increasing event, by 
Lemmas 2.20 and 2.21, 

(2.33) F p (S) < cexp(-c'(n') 1/9 ) < cexp(-c 2 n 1 / 11 ). 

Let co G S and let x' = yo, . . . , y^ = x[ be the open path (with respect to 
^( m )) given by the event S. Since S occurs we have |xj — x-|oo < (n') 1 / 9 for 
i = 0,1 and k < X\xq — xi|oo. Choose x- G T(x-) HC V ((5 + ); then 

|xi - x^loo < m(l + |xi - x^loo) < m(l + (n') 1/9 ) < n 2/9 . 

Also, since k < Xos, mk < msXo < Xo(m + \xq — xi|oo) < 2Ao|xo — xi|oo. Thus 
<jj G L(Q,m,XQ,xi) and using (2.33), this proves the lemma. □ 

Now let a 2 = (ll(d + 2))" 1 and let 
L(Q) = H(Q, 02) H D(Q, 02) (~1 {L(Q, m, x, y) holds for every x,y G Q, 

with |x — y|oo > n 2 / 9 and Ce <m< n 1 / 9 }. 

Theorem 2.23. Let Q be a cube of side n and letp>p c . 
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(a) There exists P p (L(Q) c ) < a exp(-c 2 n a2/3 ). 

(b) Let uj G L(Q) and C E <m < n 1 / 9 . Then if x , x 1 eQC)C v (Q + ) with 
du](xo, x\) > ^n 1 ^ 4 there exist x\ € C v (Q + ) with d u) {xi,x' i ) < ^n 1 / 4 and a path 
7 = (zo, • ■ • ,Zj) in C V (Q + ) that connects x' and x[ such that: 

(i) For each < / < j, the ball B[ = B UJ (zi,m/16) is very good, with 
N Bl <C H m a K 

(ii) There exists j < c^Ixq — £i|oo < Cp\x$ — x±\i. 

Proof, (a) This is immediate from the bounds in Lemma 2.13, Propo- 
sition 2.17 and Lemma 2.22. 

(b) Since D(Q,a.2) occurs, |xo — £i|oo > cd u) {xQ,x\) > ra 2 / 9 and so 
L(Q, m, xq, xi). Let x\, j/o> ■ • ■ >2/fc be as in (2.31). Note that we can choose x\ 
to be within a distance m/8 of the center of the cubes T(yo) and T(y^). Then, 
by Proposition 2.17(d), ^(a^rr/) < C H ((l + n a2 ) V \x { - x'^) < cn 2 / 9 < 

We now show that the clusters C v (Qi) are all in C V (Q + ). Consider first 
two adjacent cubes T(yi) and T(y,; + i). Since the event R(T(yi))nR(T(yi + i)) 
occurs, the clusters C v (T(y+)) and C v (T(yf +1 )) are connected. Thus there 
exists a Q + cluster C which contains each C y {T(yf)), and so has diameter 
D with D > \x' Q — a^loo > |^o — ^i|oo — 272 1 / 9 > rr^ 1 / 4 . It now follows, as in 
Lemma 2.13(b), that C C C V {Q+). 

Since each event D{Qi,a\) holds, we can find a path 7 = {z , . . . ,zj} C 
\JT(yi) that connects x' and x[ with length j < 2Cnmk < c\xq — xi\oq. 
Each point Zi is in a cube Qi for which H(Qi,ai) n D(Qi,ai) occurs, so 
using Theorem 2.18(c), Bi = B UJ (zi,m/16) is very good with Nb { < Cjjm ai . 
□ 

Lemma 2.24. Let p> p c and, for each x £ 1, d , let N x be the largest n 
such that L(Q) fails for some Q with s(Q) = n and xGQ. Then 

(2.34) P P (N X >n)< Cl exp(-c 2 n Q2/3 ). 

Proof. This is immediate from Theorem 2.23(a). □ 

3. Upper bounds. We now consider a connected graph Q = (G, E) that 
satisfies the conditions (1.1) and (1.2). We use the notation of Section 1, and 
study the transition density qt(x,y) of the continuous time r.w. Yt on Q. Fix 
constants Cy , Cp and Cw, and recall from Definition 1.7 the definition of 
good and very good balls, and of Np- In this section the constants q depend 
on the constants d, Co, Cy, Cp and Cw in (1-1), (1-15) and (1.16). 

As in Section 2, we assume without always stating it explicitly that 
the radius R of a ball B(x,R) is sufficiently large; that is, that R > cq = 



RANDOM WALKS AND PERCOLATION 



31 



co(d, Co, Cp, Cw)- All the bounds in this section hold for balls B(x,R) with 
R < Co, with a suitable choice of the constants q in the bounds, by elemen- 
tary arguments. 

We begin by investigating the on-diagonal decay of qt(x,x). We remark 
that a similar result was proved in Mathieu and Remy (2004), using an 
isoperimetric inequality directly. We give another proof here because it is 
quite short and also allows us to estimate the "initial time" Tg directly in 
terms of Nb- 

Proposition 3.1 [see Mathieu and Remy (2004), Theorem 1.2]. Let 
xq G G and let B = B(xq,R) be very good, so that N B +d < R. Then 

R 2 

(3.1) qt(xi, Xl )<-^ forc l Nl d <t<^—^andx l £B{x ,lR). 

Proof. Let C3 < ci.1.5, let t 2 = c^R 2 / logR and suppose that t < t 2 - 
Then provided R > c, we have tlogt < C3R 2 and hence that t < exp^c^R 2 /t). 
Fix xi G B(xq,^R), write f t (x) = q t (xi,x) and let ip(t) = J qt(xi, y) 2 d\i = 
l2t{x\-,x\). Note that by (1.7), 

Using the discrete Gauss-Green formula, 

= 2JX*)2M = 2j2ft(x)Cft(x) = -J2a xy (ft(x) - f t (y)f 

x x x,y 

and, in particular, ip(t) is decreasing (and continuous). 

Define t\ so that t\^ 2 = cqN b , where cq is chosen later, and choose r(t) so 
that 

(3.3) — >r(i)<fy(t) > — . 

C5C6 c 5 c 6 

Then, if t > t x , by (3.2), y>(i) _1 > c 5 c 6 iV^ and so r(t) >N B .lft<t 2 , then by 

(3.2) and (3.3), r(t) d < c{t\ogt) d / 2 < ccf 2 R 2 , so if the constant c 3 is chosen 
small enough, we have r(t) < R/18. 

Write B' = B(x Q ,17R/18). Let t € [h,t 2 ], so that r = r(t) € [r ,R/18], 
and let B(yi,r /2), i = l,...,m, be a maximal collection of disjoint balls 
with centers in I?'. Set Bi = B(yi,r) and .B* = B(yi,Cwr)- Note that 2?' C 
[JiBi C B. If xeBHB*, we have B(y h r/2) C B(s,r(l + Cw)), and so 

C (l + Cw) V > M (£(x, r(l + C w ))) 

^ E r/2)) > 10 = * € 5*}[C V 2-V. 
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Thus any x £ B is in at most cj of the B*. 

The bounds on r above imply that each B(yi,r) is good. So, applying the 
Poincare inequality (1.16) to each B{ and writing ft t i = n(Bi) $ B , ft, we 
have 



c 7 v'(t)>E/ i v /*i 2 



|2 
lt,i\ 



(3-4) >Cp l r- 2 Y,l \ft-ft. 

= c^- 2 e j B f? - c?t-* e KB.r 1 (j Bi ft) 2 - 

By Lemma 1.1(b), 

/ f 2 <( sup / t ) / f t < cr d , 
JG-B' \G-B' / J G—B' 

while, by (3.2), ip(t) > c A {t \ogt)~ d / 2 . So as t > <n, 

E/ a 2 >/ ft=m-l f!>\m- 

i JBi JB' JG-B' 

Also, since /t has total mass 1, 

E^) _1 (/ fl /t) 2 <(Cvr d )-^E / B /*) <or(Cvr d )- 1 = c B r(t)- d . 

Combining these estimates, we obtain 

(3.5) - c 7 ^(t) > Cp 1 r(t)- 2 (IV(t) - c 8 r(t)" d ). 
Now let cq = (4c5C8) _1 so that by the choice of r = r(i) in (3.3), 

-4>'(t)>c 9 r(t)- 2 m>ci m 1+2/d - 

Setting <p(t) = \fj(t)~ 2 / d we have <p'(t) > 2cio/d, from which it follows that 

¥>(*) > + (2ci /d)(t - ti) > Cll t, 2t 1 <t< t 2 . 

Rearranging, this gives ip(t) < cT d l 2 for 2ti<t<t 2 . Since V is decreasing 
it follows, by adjusting the constant c, that q t (xi,xi) = ip(t/2) < c\\t~ d l 2 
for Ui <t<R 2 /\ogR. □ 

We need a bound for y outside B{xq,R). 

Corollary 3.2. Let xq € G and Zei B = B(x ,R) be very good. Then 

(3.6) q t ( Xl> y)<-^ f or c 2 N^ d <t < ^^, Xl £ B(x ,lR) and y £ G. 
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Proof. If y e B(x , then q t (xi,y) < q t (xi, ^i) 1/2 %(y, y) 1/2 < ct~ d / 2 
by Proposition 3.1. If y £ B(x±, then d(x, y) > R/9 and we use Lemma 1.1(a). 
□ 

For a very good ball B, let T B = c 3 . 2 .2N B d and T' B = c 3 _ 2 . 3 R 2 / log R. 

Remark. It is natural to ask if the bounds in (3.1) and (3.6) hold for t < 
cR 2 rather than just t < cR 2 / log R. However, in this paper this restriction 
on t does not matter, since we ultimately apply (3.6) in the situation where 
B(xq,R) is very good for all sufficiently large R. 

We now use the method of Bass (2002) to obtain off-diagonal upper 
bounds. Following Nash (1958) and Bass (2002), we introduce the functions, 
for x\ e G, t > 0, 

M{t)=M(x u t) = Y,d{xi,y)qt{x u y)n{y)> 
y 

Q(t) = Q(x l ,t) = -J2q t (x 1 ,y)logq t (x l ,y)n(y). 
y 

We can extend M and Q to t = by continuity: M(0) = 0, while since 
q t {xi,xi) -> /u(xi) -1 as t { 0, Q(0) = log/i(a;i) > 0. 

Lemma 3.3. Let B(xq, R) be very good and let x\ € B(xq, ^R)- 

(a) We have 

Q(xi,t)>a + ldlogt, T B <t<T' B . 

(b) We have 

M(x\,t) > c 2 exp(Q(xi,t)/d), t>c 3 . 

Proof. Fix x\ £ B(xq,^R). Part (a) follows directly from the upper 
bound (3.6). 

The proof of (b) is similar to that in Nash (1958) or Bass (2002). Let 
< a < 1, and set D = {x } and D n = B(x ,2 n ) - B{x Q ,2 n ~ l ) for n > 1. 
Then using (1.1) to bound fi(D n ), we have, for a < 2, 

00 

^2exp(-ad(xi,y))n(y) < ^ ex P(- ffl2n )^(y) 

y£G n=0y£D n 

00 

< C Q 2 nd exp(-a2 n ) < c±a~ d . 

n=0 
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Now note that u(logu + A) > — e~ 1_A for u > 0. So, setting A = ad(xo,y) + b, 
where a < 2, 

-Q{xi , t) + aM(xi ,t) + b = ^2qt(x!,y) (log q t (xi,y) + ad(^i , y) + %(y) 

> -^]exp(-l - ad(xi,y) -b)fj,(y) 

y 

> -e~ 1 ' b ^2exp(-ad(x 1 ,y))^(y) > -c 5 e~ b a~ d . 

y 

Since M(x l ,t) > P Xl {Y t / x{), using (1.7) we have M(xi,t) > \ when t > c 5 . 
Setting a = 1/M(xi,t) and e fe = M(xi, t) d = a~ d , we obtain 

-Q(xi,i) + l + dlogM(x 1 ,t) > -c 4 , 

and rearranging gives (b). □ 

Proposition 3.4. Let xo£G and let B(xo,R) be very good. Then 
Ci t 1/2 < M(x u t) < c 2 t 1/2 for x G B(x , f-R) and T B logT B <t<T' B . 

(3.7) 

Proof. For the moment we just write Q{t) and M{t). Set ft(x) = 
q t (xi,x) and let b t (x,y) = f t (x) + f t (y). We have 

M'{t)=Y,d{x l ,y)^^-ii{y)=Y,d{x u y)Cf t {y)^y) 
y m y 

(3-8) = -^^^axyidix^y) - d(x 1 ,x))(f t (y) - f t (x)) 

x y 
x y 

< 1 (x-x- hl X /2 (x-x- (ft(y) - ft(x)) 2 \ 1/2 



h(x,y) 



(3.9) <c EE« 



(ft(y) - ft(x)) 2 V /2 



xy ft(x) + f t (y) J 

In the calculation above the use of the discrete Gauss-Green formula to 
obtain (3.8) is valid since, by (1.5), qt(x\, ) decays exponentially. Since we 
have, for u, v > 0, 

(u — v) 2 



u + v 



< (u — v) (log u — log v) , 
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we deduce 

M\tf <Y,Y, a *y(ft(y) -ft(x))(logf t (y) -log f t (x)). 

x y 

On the other hand [again using (1.5) and the discrete Gauss-Green for- 
mula] , 

Q'(t) = -J2(l + log f t (y))£ft(y) 
fQ 10) y 

' =lEE^( lo S/*(y) - log f t (x))(f t (y) - f t (x))>\M'{tf. 

x y 

The remainder of this proof is similar to that in Nash (1958) or Bass 
(2002), except that we have to control the growth of M for small t. Set 
R(t) = d" l {Q{t) - C3.3.1 - |dlogt), so that R(t) >0 if T B <t <T' B . Define 

ri, if R(t)>o on [i,r B ], 

\ sup{t < T' B : R(t) < 0}, otherwise. 
If T > 1, then T < T B and, by (3.10), 

M(T )= [ T ° M'{s)ds<2 1 / 2 [ T ° Q'(s)^ 2 ds 
Jo Jo 

<2^[[°Q'{s)ds) 1/2 T^ 
< C3 r 1/2 (Q(r )-Q(0)) 1/2 

< c 3 r 1/2 ( C3 .3.i + ^logT ) 1/2 < c 4 (T B log Tb) 1 ' 2 . 

If To = 1, then M(Tq) = E x d(x,Yi) < C5 by elementary arguments. 
By Lemma 3.3(b) and (3.10), if To < t < T' B , then 

rfV2 e H(t) = e Q(t)/d < M{t) < M(Tq) + 2 l/2 [* Q/ (s) l/2 dg 

Jt 

< M(T ) + (2d) 1 / 2 t ( R'(s) + ±-) V2 ds. 



2s J 

Using the inequality (a + b) 1 / 2 < b 1 / 2 + a/ (2b) 1 / 2 gives 

(3.11) ct 1/2 e R W < M(t) < M (T ) + rf 1/2 + c /* s 1/2 i?'(s) (is. 

Integrating by parts, and using the fact that R > on [To,Tg], the final 
term in (3.11) is bounded by c(l + R(t)t l l 2 ). Combining these estimates, for 
T B <t<T B , 

ct i/2 e R{t) <M(i)<c(l + i?(t))i 1 / 2 + c 4 (T B log Tb) 1 / 2 . 
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So for T B logT B <t<T' B , 

ct l/2 e R(t) < M ( t ) < c ( 1 + fl ( t )) t V2. 

Thus i?(i) is bounded and this implies (3.7). □ 

As in Bass (2002) we can use the moment bounds in (3.7) to obtain off- 
diagonal upper bounds on qt by the method of Barlow and Bass (1989, 1992). 
We define 

t(x, r) = inf{t : Y t B(x, r)}, x G G, r > 0, 
and begin by controlling the probability that r(x,r) is small. 

Lemma 3.5. Let xo G G and let B(xq,R) be very good. Let c\N B x 
(logiVs) 1 / 2 <r<R. Then 

(3.12) P x (r(x,r) <t) < \ + ~p/[ forxGB{x 4R) and0<t< \T' B . 

Proof. Suppose first that r < R/9. Let x E B(x , |i?), A = B(x,r) U 
dB(x,r) and T = r(x,r). Then if T B logT B < t < \T' B , since A C 5(x , gi?), 

> ^l (r <t) d(x,y T ) - E X {E Y ^ d(Y tAT ,Y 2t _ tAT )) 
>P x (T<t)r- sup E z d(z,Y 2t _ s ) 

z£A,s<t 

>P x (r<t)r-o 3 t 1/2 . 

Thus 

(3.13) P x (r<t) <2c 3 t 1/2 /r. 

Since A < |(1 + A 2 ), (3.12) is immediate. If t < Tg log T B , then 

P*(r(x,r) <t) <P x (T(x,r) <T B \ogT B ) <2c 3 (T B logT B ) 1 / 2 r~ 1 < ±, 

provided r > c(T B logT B ) 1/2 = c'A^(log A^) 1 / 2 . Finally if R/9 <r<R,we 
have r(x,r) > r(x, R/9), so (adjusting the constant c 2 ) we deduce (3.12). 
□ 

Remark. In the end we gain nothing useful by using the stronger bound (3.13). 



We need the following estimate. 
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Lemma 3.6 [Barlow and Bass (1989), Lemma 1.1]. Let Ci,^2, ■■■,^n, V 
be nonnegative r.v. such that V > Suppose that for some p € (0,1), 

a > 0, 

P(&<iK£i,...,£i-i)) <p + at, t>0. 

Then 

/ant\ 1 / 2 1 

logP(V<t)<2[ -nlog-. 

\ P J P 

Proposition 3.7. Let x e G and let B(x ,R) be very good. If x € 
B(xq, |/2) and t > 0, p > satisfy 

(3.14) p<i?, ciiV^(logAf B ) 1/2 p<t and t<T^, 

(3.15) ^(r(x,p) <t) <c 2 exp(-c 3 p 2 /t). 

Proof. Let ?r = 03.5.1^ (log iVs) 1 / 2 . Suppose first that, in addition, 
p < R/9. Let m > 1 be chosen later, and let s = t/m and r = [/V m J • Define 
stopping times 

5 = 0, S i = M{t>Si- 1 :d(Ys i _ 1 ,Y t )=r}, i > 1. 

Set £j = 5j — ,Sj_i and write Tt = cr(Y" s ,s < t) for the filtration of Y. By- 
Lemma 3.5, 

(3.16) p»( 6 > u |jr s ._ i )<l+^ j u >0, 

provided ri <r < R, u <T' B and € B(x , §J?). Whereas d(y ,*S m ) < 

mr < p < R/9, we have SVn. < r(x,p) and Y^. G B(xq, |i?) for < j < m. 
Using Lemma 3.6 and writing p=\, a = c^/r 2 , we deduce that 

logP*(r(x,/3) <t) < log P x (S" m , <t) <2(amt/p) 1/2 -mlogp" 1 . 
Simplifying this expression, we obtain 

(3.17) logP*(T(x,p) <t)< -c 5 m(l - (^p^' 2 )- 

Let A = p 2 1 (2cet). If we can choose m G N with |A < m < A and so that the 
estimate (3.16) is valid, then (3.17) implies (3.15). 

If A < 1, then, adjusting the constant c 2 appropriately, (3.15) is immedi- 
ate. If A > 1, then let m = [5 AJ + 1. Since then m > 1, we have s <t <T' B 
and r < p < R, while the condition p < c%t/r\ ensures that r>r\. 

Finally let p satisfy (3.14) but with p > R/9. Then (adjusting c\ if neces- 
sary) we can apply the argument above to po = R/9 and adjust the constant 
C3 to obtain (3.15). □ 
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Theorem 3.8. Let xq G G and let B(xq, R) be very good. Let x € B(xq, \R), 
let y € 67 and assume that 

(3.18) N l^V d ^y)< t <^. 

log -ft 

Then 

(3.19) q t (x, y) < c 2 r d l 2 exp(-c 3 d(x, yf /t). 

Proof. Let D = d{x,y). Using (1.5) we have, since D <t, 

qt(x,y) < c 5 exp(-2c 4 -D 2 /t). 

If tlogt < 2ad~ l D 2 , then exp(-c 4 L> 2 /t) < t~ d l 2 and we deduce that 

qt(x,y) < c 5 t- d/2 exp{-c 4 D 2 /t). 

Suppose therefore that tlogt > 2c^d~ 1 D 2 . Note that this implies that 
y € B(x, f-ft), provided R> c and c\ in (3.18) is chosen small enough. Let 
A x = {z: d(x, z) < d(y, z)}, A y = G - A x , s = t/2 and p = D/2. Note that 
B{x,p) C A x . Then 

p(x)P x (Y t =y) 

= p(x)P x (Y t = y,Y s e A y ) + p(x)P x (Y t = y,Y s GA x ). 

To bound the first term in (3.20) we write 

P x {Y t = y,Y s e A y ) = P x (t(x, p) <s,Y s £ A y , Y t = y) 

(3.21) ^ E x (t {T{XyP)<s} P Y -(Y t . T = y)) 

< P x (t(x,p) < s) sup q 2 t- s (z,y)n(y). 

z£dB(x,p),s<t 

Since 2T B < |iV| d+1 < s < T' B , by Corollary 3.2 the second term in (3.21) 
is bounded by ct~ d l 2 . To control the first term we use Proposition 3.7. We 
have p<D <R and s<T' B , while, since t > N B d+1 , 

c^.rN^ogNBf^pKcN^logNB) 1 / 2 (tlogt) 1 / 2 <\t = s, 

the three conditions in (3.14) are satisfied and, by (3.15), 

P x (Y t = y,Y s e A y ) < ct- d ^ 2 exp(-c'D 2 /s). 

By symmetry the second term in (3.20) equals 

(3.22) p(y)py(Y t = x,Y s eA x ) 

and so can be bounded in the same way as the first term. Combining these 
estimates completes the proof. □ 
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4. A weighted Poincare inequality. While the weak Poincare inequality 
of Section 2 is enough for upper bounds on the transition density, to obtain 
lower bounds we need a weighted Poincare inequality, which we derive using 
the methods of Jerison (1986) and Saloff-Coste and Stroock (1991). 

We continue with the notation and assumptions of the previous section. 
Fix xo € G, fix R € N and let B = B(xq, R) be a very good ball with i?o = 
Nb < R l ^ l+d ^ . For each x,y € G we write j(x, y) for a shortest path x = 
zo, . . . , Zd(x,y) = U between x and y. 

We begin with a Whitney decomposition of B, which we need to adapt to 
our situation. We have two differences from Jerison (1986), which both arise 
on small length scales. The first — minor — difficulty is that in our discrete 
setting we cannot use balls of size smaller than 1. The second difficulty is 
that we do not have any volume doubling estimate for balls smaller than 

Rq. 

Let (X, d) be the metric space obtained as the "cable system" of Q. This 
is the metric space obtained by replacing each edge e by a copy of (0,1), 
linked in the obvious way at the vertices x 6 G. We define a measure p on 
X by taking p to be Lebesgue measure on each cable. See, for example, 
Barlow and Bass (2004) for further details of this construction. We write 
B(x,r) for balls in X. Since i?£N, the boundary of B is contained in G. 
For x 6 B = B(xo,R) we write p{x) = d(x,B c ). Note that if x 6 67, then 
p(x) = d(x, G — B). We frequently use the inequality 

(4.1) \p(x)-p(y)\<d(x,y). 

Let A > 10 3 V (21GV) and let 10 < K < A/10 be fixed constants. We can 
assume that Ro > A. 

Lemma 4.1. There exists a sequence of disjoint balls Bi = B(xi,ri), i > 
1, such that n > r2 > • • ■ and: 

(a) There exists B = Ui^i B{xi,2ri). 

(b) For each i, p(xi) = Arj. 

(c) If y £ B(xi,Kri), then 

(4.2) {\-K) n <p(y)<(\ + K)n. 

Proof. This is standard. We start by choosing a ball B\ of maximal 
size that satisfies (b) and continue, so that B n is chosen to be the largest 
ball contained in B — Ui _1 -Si that satisfies (b). To prove (a), suppose y ^ 
U B(xi, 2rj). Since jl(B) < oo and p(Bi) > r^, we must have — > 0. Let 
U = d(y,Xi) > 2ri, t = mlti. Then by (4.1), 

p(y) < p(xi) + ti = Arj + U < (1 + \\)U, 
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so that t > cp(y) = t' > 0, contradicting the definition of Bi if r.- L < t. 
Part (c) follows immediately from (4.1) and (b). □ 

We now adapt this construction to our discrete setup. Let N be defined 
by rjy > Rq + 1 > nv+i- For each i < N the center xi of Bi = B(xi,ri) lies 
on a cable [j/i,^], where yi^y[ G G. We label these so that yi is the point 
in G closest to Xj and we set Sj = r; — d(xi,yi). Then we have B(yi,Si) C 
-B(xi, rj) (~l G and r; > Sj > — ^ > 12o. 

We set Ai = A - 2K and A 2 = A + 2K. 

Lemma 4.2. T/ie sequence of disjoint balls Bi = B(yi,Si), 1 < i < N, 
defined above satisfies the following statements. 

(a) For each i < N , 

(4.3) \ Si - i < p(yi) < i(l + A) + As;. 

(b) If x £ B — \J i y =l B(yi,3si), then p(x) < X 2 Ro- Furthermore, 

N N 

(4.4) 5(x , R - X 2 R ) C |J 3 Si - 1) C (J A lSi ) C B(z , 12). 

i=l i=l 

(c) If xeB(y i ,Ks i ) > then 

(4.5) Ai«i < (A - K)si - \ < p{x) < (A + K) Si + ±(1 + A) < A 2 s;. 

(d) There exists a constant c\ such that 

(4.6) \{i<N:xeB( yi ,K Si )}\< Cl . 

PROOF. Since p(x{) = Ar^ and \p{yi) — p{xi)\ < |, (a) is immediate. 

(b) Let x £ B. Then x £ B(xi,2ri) for some i and so p(x) < (2 + A)r;. If 
i> N, then r; < 1 + l?o and so p(x) < (2 + A)(l + 12o) < A2-R0, which implies 
that <i(xo,x) > R — X 2 Ro- So, if p{x) > X 2 Rq, then x 6 B(xi,2ri) for some 
i <N. We then have d(x, y;) < d(x, Xi) + d(xi,yi) < 2sj + 1. Since each S; > 3, 
this implies that rr € U -B(yj, 3s j — 1). 

The final inclusion in (4.4) is immediate from (a) and the first follows 
from the inequality d(xo,x) + p(x) > R. 

(c) This is immediate from (a) and (4.1). 

(d) If x £ B(yi, Ksi), then by (c), p(x) > AiS; and Bi C B(x, (1 + K)cip(x)), 
where c 2 = (1 + K)/Xi. Also, p(Bi) > C v sf > CyX^p^f. So writing I = 
{i:x£ B(yi, Ksi)}, we have 

(4.7) C c d 2 p(x) d > p(B(y,c 2 p(x))) > $>(£i) > \I\C V X 2 d p(x) d , 

iei 

which proves (4.6). □ 
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Let 

B' i = B{y h 2,s i ), \<i<N. 

Let T) = 2A2 and set 

B? = B(yi,10 8i ) ifs l >r ? i? . 

If Si < r]Ro, we call Bi a boundary ball and define B" to be the connected 
component of B(yi,2Xsi) C\B which contains yi. (While balls are connected, 
the intersection of two balls need not be.) We relabel the balls Bi so that 
xq G B\, and Bi is a boundary ball if and only if M + 1 < i < N. 

Lemma 4.3. (a) There exists B = 0jf£i B<) U (U=a/+i b ") ■ 
(b) There exists a constant c\ such that for any x G B, 

(4.8) |{*<JV:a?€J3f}|<ci. 

PROOF, (a) Suppose x e B but x \JiB-. Then p(x) < X 2 Rq = t. Now 
choose x' G j(x, Xq) with 1 + t > p(x') > t and choose x" G 7(^0, x') with 
d(x',x") = 1. Then x' G B(yi,3si — 1) for some i, so Asj < p(x") < i < X 2 Ro- 
Hence 

A i? 

-Ro < Si < — — < T]R , 

M 

so that Bi is a boundary ball. Now d(x,yi) < d(x,x') + 3sj — 1 < t + 3sj < 
2Asj, which proves that x G -B(y«, 2Asj). The same argument proves that each 
y G 7(x,x') is also in B(yi,2Xsi). Hence x is connected to x' (and so yi) by 
a path in B(yi,2Xsi) fl .B, and so x G . 

(b) Since K > 10, we have a bound on |{i : x G -B(y«, 10sj)}|. So it is enough 
to control \I'\, where I' = {i:x G B(yi,2Xsi), Sj < r/i? }- The argument is 
almost exactly the same as in Lemma 4.2(d): If i G then Si < r/i?o an d 
d(x,yi) < 2X2Si < 2X2~nRo. So Bi C B(x,cRo) and we use volume bounds as 
in (4.7). □ 

For each i define 

T{i) = {j-.j^y^nBivj^Ksj) + 0}, 
T{i, r) = {j G :r<Sj< 2r}. 

Lemma 4.4. (a) If j G T(i), then Sj > ^AiA^ 1 ^ > \si. 

(b) Ifj£T(i), then d{ yi , yj ) < (K + X 2 )s r 

(c) There exists \T{i,r)\ <c\C^jCy . 
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Proof. Let j € so that there exists x £ B(yj,Ksj) PI 7(^0, j/i). 

Since x G 7(0:0, d(x,yi) = d(x ,yi) - d(x ,x) < R-d(x ,x) < p(x). Thus 
using (4.5), 

AiSj < < d(x,yi) + p(x) < 2p(x) < 2X 2 Sj, 

which proves (a). 

For (b) note that d(yi,yj) < d{yi,x) + Ksj < p(x) + Ksj. 

From the estimates above, if j 6 .F(i,r), then yj G -B(yi, 2(i^ + A2)?'), so 
that B(yj,Sj) C B(yi,3Xr). Hence 

c 2 C r d > 2 /i(S i )>|^(i,r)|Cyr d , 

proving (c). □ 

Corollary 4.5. There exists < c\ log(i?/sj). 

Proof. The proof follows easily from Lemma 4.4(c). □ 
Now let 

F*{j,r) = e F(i),r < Si <2r}. 

Lemma 4.6. There exists a = a(d,Co,Cv) > such that for each 1 < 
j < N we have, for r > Rq, 

J2 M (50< c/ 44)(-V. 

Proof. This argument runs along the same lines as the proof of Lemma 
5.9 in Jerison (1986). Note first that we can assume that r < 4sj, since if 
i £ J~*(J,r), then by Lemma 4.4(a) we have < 4s j. 

Write dB = {y : d(xo, y) = R}. Fix j. Using (4.5) we have p(yj) < ^Sj, so 
we can choose z € dB with d(yj,z) < \2Sj. Set t = (4 + K + 4A2)sj and for 
u > 0, let 

A(u) = B(z, t + 2u)D{x£B: p(x) < u}. 

Suppose that i 6 F*{j,r). By Lemma 4.4(b), d(yi,yj) < (K + A2)sj, so 
that d(yi,z) < {K + 2A2)sj and 



J B 4 'C£(z,( J Fr + 2A 2 + 4)s j ). 



RANDOM WALKS AND PERCOLATION 43 

By (4.5), p(x) < 2A 2 r on B[, so B[ C A(2A 2 r). Whereas the balls B[ are 
disjoint, 

(4.9) £ M OB0< M (A(2A 2 r)). 

iGJ 7 * (i,r) 

Now fix u > and choose a maximal set of points {z\ , . . . , z m } C <9i3 such 
that B(zk, u) are disjoint and c£(z, z^) < i + u for each k. We next show that 

in 

(4.10) A(«/4)cU%,3u). 

fc=i 

Let x € A(u/4), so that d(x,z) <t + u/2 and there exists G <9.B with 
(i(x, z') < ii/4. Hence d(z', z) <t + |u < t + u. Whereas {zi, . . . , z m } is max- 
imal, we must have d(z', Zf.) < 2u for some k. Thus d(x, z^) < 2u + \u < 3u, 
proving (4.10). 

For each zj we have d(xo, Zj) = R by construction. Choose Wj on 7(^0, Zj) 
such that 

-it < d(zj,Wj) < |u; 

this is possible provided 6 < u < R. We have d(wk,wi) > d(zt, zi) — |w > §w, 
so the balls B{wk,\u) are disjoint. The choice of implies that p(wk) = 
d(wk, Zk) > \u and therefore 

(4.11) B{w k ,\u)r\K{u/A) = 0. 
We also have 

(4.12) B(w k ,{u)CA( u ). 

To check this, if x G B(w k , \u), then p(x) < d(x,Zk) < |u, while d(x,z) < 
d(x, Zk) + d(zk, z) < ju + t + u <t + 2u. By (4.10), we deduce that 

m 

(4.13) A«(A(«/4)) < £ /i(B(z fc , 3u)) < mC (3u) d , 

fe=i 

while by (4.11) and (4.12), 

m 

(4.14) ,x(A(«)) > /i(A(«/4)) + J] A*(B(w fc , !«)). 

fc=i 

So, provided > i? 0) 

(4.15) /i(A(u)) > /i(A(u/4)) + mC v (\u) d > (1 + d)/i(A(u/4)). 
Note that the constant c\ here depends only on Co, CV and d. 
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Now let Rq < r < 4s j. Choose n € Z + as large as possible so that 4 n r < 
4s j. Then 

(4.16) MA(2A 2 r)) < (1 + ci)->(A(2A 2 4 r V)) < (1 + Cl )" n ^(A(2t)). 

Set a = log(l + ci)/log4. Then (1 + ci) n > (sj/r) a . We have /x(A(2i)) < 
fj,(B(z,5t)) < C (5t) d and also ^(B^) > Cysj > ct d . Combining this with 
(4.16) and (4.9) completes the proof of the lemma. □ 

Proposition 4.7. For each 1 < j < N we have 
Proof. We can write 

oo 
n=-l 

Hence using Corollary 4.5 and Lemma 4.6, 

oo 

n=-lieJ r *(J,2- n Sj) 
oo 

< c J2 log(2 n ^/ Sj )2-"V( J B i ) < cix{Bj)\og{R/sj). 

n=-l ^ 

Set 

(4-17) , ( „) = (^>) 2 , yeG . 

For any set A, let fi{A) = f A tpdfi and ]a = A( J 4) _1 Ia ffdfi. For an edge 
e = define (p(e) = ip(x) Aip(y). Note that if e £ E(B), then <^(e) > i? -2 . 

Theorem 4.8. Let B = B(x , R) be very good and let R = N B < R 1 /^ 2 ) . 
Then 

(4.18) f(f(x)-f B ) 2 ^x)d f i<c 1 R 2 f \Vf\ 2 Cpdv. 

Jb Je(b) 

Proof. We follow the proof in Saloff-Coste and Stroock (1991), but 
need some extra care close to the boundary of B. 
For 1< i < N set 



» ( B(yi,10C w Si), l<i<M 
{ \B'l, M + l<i<N. 
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Whereas lOCVs; < ^Xsi - 1, we have B* C B for each i < M, while B* C 5 
by definition ifM + l<2<A^. Note that for any ball -B(yi, csj) with c < ^A, 
we have, from (4.17), 

3A 

(4.19) 9?(x) < — ip(y) for all € B(y u csi). 

Let Pj be the best constant in the weighted Poincare inequality 

(4.20) / (f(x)-f Bj ) 2 l p(x)d f i<P j f \Vf\ 2 (pdv. 

Then for j < M, as each B" is good, we have, using (4.19), Pj < cCpsj. If 
M < j < N, then, using Corollary 1.5(a), 

(4.21) P j <2 f i(B") 2 sup ^TT<c(C \Ri) 2 (\Ro) 2 <cR 2 d+2 . 

x,yeB'i <P{y) 

Fix for the moment a ball P n . We define a sequence of balls Di = B(wi, ti), 
1 < i < L n , with D\ = B\ and Dl u = B n , as follows. Suppose D\, . . . , -Dfc-i 
have been defined. Let Zk be the point in "f(xo, Un)^[^Zi D[ which is furthest 
from x . (If A = Bj, then £>■ = B\ and = flj'.) If z k = y n , then we let 
Dk = B n , L n = k and stop. Suppose that Zk^y n - If Zfc £ -E>(yi, 3sj — 1) for 
some i, then we take = -B.j and continue. (We choose the largest such i 
if this i is not unique.) Note that Dk must be distinct from D±, . . . , D^—i- 

Finally, suppose Zk ^ y n and Zfc ^ U B(yi,3si — 1). Then p(^) < A2-R0 and 
p(y„) < d(y n , Zk) + p(zfe) < 2A2-Ro- Hence s n < 2X 2 Xi 1 Ro < r]R , so that B n 
is a boundary ball. We also have p(wk-i) < 3ifc_i + p{zk), so that D^-i is 
also a boundary ball. In this case we take Dk = B n , L n = k and stop. Note 
that each Dk is a ball in {Bj : j £ J^"(n)}, so that L n < |.F(n)|. 

We now show that 

(4.22) D'^UD^QD'UnD'l, 2<k<L n . 

First, if Zk 7^ y n and Zk £ [j B(yi,3si — 1), then both Dk-i and are 
boundary balls, and d(wk-i,Wk) < 3tk-i + A2-R01 from which (4.22) fol- 
lows easily. Now let Zk £ B(wk,3tk — 1). Then d{wk-\, Zk) < 3tk-i and so 
d(wk-i,Wk) < 3tk~i + 3tk- Since Zk € B{wj,Atj) for j = k — l,k, by (4.5), 

A2(4 Vt fe _i) > p(zfc) > Ai(t fe At fe _i). 



Since A 2 /Ai < 10/9 this implies (4.22). 
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Let fi = f(B[). Then 



L n -l 



(4.23) = / „ /(*) " /i + E (/(^fc) " /Pfc+i)) ^ 

JB " V fc=i / 

< L n / (/(x) - A) V(x) d// + L n £ (/(£>£) - J{D'l +1 )fjl(B^). 
To control the terms in (4.23) note that 

AKOC/^O-ZPfc+i)) 2 

- 2 m4™ +1 ) (4 (/ - V/i + 4 +1 (/ - 

Using (4.19) and Lemma 4.4(a), 

Combining these estimates we obtain, from (4.23), 

/ (f{x)-h)\(x)dn<c\F{{)\ ]T 4fR/ U-RB'D)\d^ 
(a OA) '< jer(i) fi W jB J 

(4 - 24) - »m 



< c i^)i E 4§r^7 iv/iw 



Summing inequalities (4.24) gives 
(f(x) ~ fi) 2 (p(x)dn 

i 

N 

IE(B*) 



N 



< c jr iog(-)pj [ \vf\ 

H \SjJ j Je(b*) 



2 {pdv. 
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If j < M, then Pj < cs 2 C P and so since t p log(i?/t) < cRP for t > we have 
Pjlog(R/sj) < cCpR 2 . If M + 1 < j < N, then R < sj < t]R and Pj < 
cRl d+2 , and so since R d+2 < R, 

\og{R/sj)Pj < cRl d+2 log(R/R ) < cR 2 . 
So since any edge in B is contained in at most c of the B* , 

N 

/ (f(x)-f 1 f^(x)d f i<cC P R 2 Y / / |V/| 2 <^ 
Jb ~[Je{b*) 

<c'C P R 2 f \Vf\ 2 <pdu, 

JE{B) 

which completes the proof of the theorem. □ 

We can also take = 1 in (4.17) and use the same argument to obtain 
a (strong) Poincare inequality from the family of weak ones. The condition 
on Np is slightly weaker than in Theorem 4.8, since we have Pj < cRl d m 
(4.21). 

Lemma 4.9. Let B = B(x ,R) be very good and let R Q = N B < R 1/id+2) ■ 
Then 

min / (f(x) - a) 2 dfi < Cl R 2 f | V/| 2 dv. 

a JB Je(B) 

Remark 4.10. The weight function ip in (4.17) is similar to that in 
Saloff-Coste and Stroock (1991). Fabes and Stroock (1986) and Stroock and 
Zheng (1997) used weight functions which are supported on the whole space. 
In particular, Stroock and Zheng (1997) used 

iPr(x) = exp(— d(xQ,x)/R), x£Z d , 

and proved a weighted Poincare inequality of the form 

(4.25) min/ (/ -af^ R d^< Cl (d)R 2 f \Vf\ 2 ^j R du. 

a JZ d JE d 

It is interesting to note that this fails for percolation clusters when d > 3. 

To see this, fix a point xq 6 and R > 1 large enough so that B(xq, R) 
is good. If we look far enough from xq we can, P p -a.s., find a cube Q of 
side R with Q C and such that Q is only connected to the rest of by 
one edge {x\,X2}- We take x\ £ Q c , X2 £ Q and write s = d(xo,X2); we can 
assume s » R. We have e -( s + dR )/ R < < e -s/R on q 
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Let / = Ig. Then as JtpR- R d , 



/,= ^<ce-/«<i 



and 



min / (/ - af^ R dfi= f (f - f R fi> R dpi>\[ ^ R dn> \e~ d R d e~ s / R . 
a Jz d J Jq 

On the other hand, 

R 2 I \Vf\ 2 4>dv = R 2 ij(x 2 ) = R 2 e- s / R . 

Thus (4.25) cannot hold with a constant c\ independent of R. 

5. Lower bounds. In this section we use the weighted Poincare inequality 
and the technique of Fabes and Stroock (1986) to prove lower bounds for 
qt(x,y). We continue with the notation and assumptions of Section 3. 

Proposition 5.1. Letx eG and let B x = B(x ,R log R) be a very good 
ball with N B < R 1 /^^. Then if x\ G B(x , ±R]ogR), 

(5.1) qt(x 1 ,x 2 )>c 1 t- d/2 for x 2 eB(x 1 ,R) and \R 2 <t<R 2 . 

Proof. Let x 3 be such that xi,x 2 G B(x 3 ,R/2). Write R\ = RlogR, let 
p = R/6 and let T = c 2 R 2 ■ Let x A G B(x 3 ,R/2). We apply Proposition 3.7 
to Bi with t = T. Since T' Bl = cR\ \ogR\ > c'R 2 logR, the third condition in 
(3.14) holds, while the other two are evident. So if t < T, then 

J2 qt(x4,x)v(x)=P x *(Y t tB( Xl ,2R/3)) 

xeB(x 3 ,2R/3) c 

(5.2) <P Xi (T(x 4 ,R/6)<t) 

<P X4 It{x 4 ,R/6) <T) 
< cexp(c' R 2 jT) < |, 

provided c 2 is chosen small enough. We can assume that c 2 < g. 
Let B = B(x 3 ,R), set p(x) = d(x, B c ) for x G B, and set 

<f(v) = C^M) \ y G G and Vo = E V>(*M*)- 
\ u / xeB 

Then we have 

(5.3) c 3 R d <V < n(B) < aR d . 
Write u(s, x) = u s (x) = q s {x±, x), s>0 and x G G. Set 

io(s,y) = tt>t(x) = logVbu(s,y), H(t) = H(x A ,t) = V ~ 1 ipw t dp,. 

Jb 
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Then 



Jb at Jb ih at ~Lut(x) 



du>t ^ f 1 c^t j _ 
Hence, writing / = tgip/ut, we have 



v H'(t) = -§EE ^(/O*) - /(i/))(«tW - «*(«))■ 

Now we use the elementary inequality [see Stroock and Zheng (1997)] 
5* £V 6 _ a) > I ( C Ad) (log 6 -log a) 2 



I; a/ 1 y ~ 2 V b ; 2(cAd)' 

which holds for any strictly positive a,b,c,d. If /(x) > and f(y) > 0, then 
x,y 6 .B and 

-(/(x)-/(j/))M*) -«*(«)) 

\u t {x) u t (y)J 
> \(<p{x) A <p{y)){\ogUt{x) - \ogu t {y)f 



2 V " V ' ' ^" 2(<p(x)A<p(y)Y 

If both x € B c and y € B c , then /(x) = /(y) = 0, while if x € B and y € B c , 
then 

-(/(*) - /(y))M*) - u t (u)) = - v (x) (l - 
We therefore have 

(5.4) v H\t) > 1 E E a*j/(vC«0 A - ^t(y)) 2 

4 ^,^ ^)A^(y) 

(5.6) -^EE«^)(i-Si)- 

The sums in (5.4), (5.5) and (5.6) are called Si, S2 and S3, respectively. To 
bound S2 note that if x ~ y with x,y £ B and A; = p(a;) A p{y), then > 1 
and 

(p(s)-y>(2/)) 2 = ^ 2 (2fc + l) 2 < _9_ 
ip(x) A <p(y) A 2 ~~ B? ' 
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So 

s 2 > -fir 2 E »( x ) > -lR~ 2 v>(,B) > - C R~ 2 v . 

xeB 

Also, if x € di(B), then <p(x) = R~ 2 , so that 

5 3 > - E E a *y R ~ 2 ^ - R ~ 2 E M*) ^ -cR~ 2 V . 

xeBy£B c xeB 

So the terms S2 and S3 are controlled by bounds of the same size, and we 
deduce, using Theorem 4.8, 

H\t) > E E **u{<pi?) A <p(v))(M*) ~ My)) 2 - c 5 R~ 2 

/g y\ x£By£B 

> -c 5 R~ 2 + cqR-^ 1 E M*0 " H{t)ftp{x)ii{x). 

xeB 

Let / = [|T,T]. We use only (5.7) for t G I. Note that by Theorem 3.8 
we have VQU t (x) < cj for t E I. Since u — > (logu — h) 2 /v is decreasing on 
[e 2+ ' 1 , 00), we have 

EK(z)-#(i))V(z)/i(z) 

(5-8J ^ u t (x) 

(log c 7 - H(t)) 2 ^ 

° 7 3 ;eS:l'o«iW>e 2+H(I) 

Then since <p(x) > J on B(zi,2i2/3), 
E (f{x)u t (x)iJ,(x) 

x£B :V u t (x)>e 2 + H W 

= E V{x)u t {x)ii(x) - E (p(x)ut(x)n(x) 

x&B x£B:V u t {x)<e 2 + H ^) 

(5 - 9) > I E «*(*M*) - E rt^- 1 ^*)^) 



>5 1 



>i,2ii/3) c / 



\ x&B(x 1 ,2B,/3) c 

where we used (5.2) in the final line. 

Combining the estimates (5.7), (5.8) and (5.9) we deduce that 

TH'it) > -c 5 + c 8 (logc 7 - H(t)) 2 (± - e 2 +"«). 

Since (a — h) 2 > ^h 2 if h < —a, this implies that there exists eg such that 

(5.10) TH'(t) > c w H(t) 2 provided H(t) < -eg, t € I. 



RANDOM WALKS AND PERCOLATION 51 

If sup teI H(t) < — eg, then (5.10) implies that H(T) > — en, while since 
H(t) + c^T~ l t is increasing, if sup tg j.£f(i) > — eg, then H{T) > — eg — C2C5. 
We therefore deduce that H{T) > —c\2 and it follows that 

(5.11) H(t) = H(x±, t) > -C13, T <t < R 2 . 

To conclude the argument, we have, for xi,X2 £ B(x^, R/2), t € [T,R 2 ], 

V q2t(xi,x 2 ) = V^ 1 J2V qt{xi,y)Voqt{x 2 ,y)^(dy) 
y 

> Vq" 1 V qt(x 1 ,y)Voqt(x 2 ,y)(p(y)n(dy). 

y€B 

So, using Jensen's inequality, 
}og(V q2t(xi,x 2 )) > Vq 1 5^(log(Vbgi(xi,i/)) + \og(y qt(x 2 ,y)))<p(y)n(dy) 

y€B 

= H(xi,t) + H(x 2 ,t) > -2c 13 . 
Using (5.3) completes the proof of (5.1). □ 

Lemma 5.2. Let x,y E G. Suppose there exist r > 1 and a pai/i x = 
zq, . . . , z m = y such that for each i = 0, . . . , m, B(zi,r\ogr) is very good with 
N d + 2 . . < r. JTien 

B(Zi,r logr) — 

(5.12) g m r(z, y) > c(mr)~ d l 2 exp(-cim/r). 



Proof. This uses a chaining argument similar to that in Proposition 
3.7. Choose points x = wq,w\, . . . ,Wk = y along the path {zq, . . . ,z m }, such 

V 



that d(w{-i,Wi) < r/3 and 3m/r < k < Am/r. Let s = mr/k, so that 4r 2 < 



s < |r 2 . Let Bj = B(wj, r/3). We have d(x',y') < r whenever x' € -Bj-i and 
y' S -Bj. So by Proposition 5.1, 

q s (x',y') > C2S- d ' 2 > c^{Bj)~\ x' € Bj^y' € B y 

So P^^Fs £Bj)> C3 and therefore 



P x (n s = y) > P 8 ^. E 1 < i < k - l,Y ks = y) > J] c 3 c 3 



fe-i \ 

d/2 



□ 



Theorem 5.3. Lei L> = £?(xo, -Rlogi?) 6e a wen/ 500c/ 6a// mtt iVe < 
R i/{d+2)^ Let d(x$,xi) <\R\ogR and x,y 6 B(xi,R). Then 

(5.13) % (z, y) > cit- d/2 exp(-c 2 d(x, y) 2 /t), 
provided 

(5.14) N 2 B [2+d) <t<R 2 
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and 

(5.15) N B +d d(x,y)<t. 

Proof. Let D = d(x, y). If D 2 /t < 1, then set r = t 1 / 2 and apply Propo- 
sition 5.1 to Bi = B(x,r\ogr). Since D <r <R, B 1 C B and N Bl < N B . So 
jy|+2 < jy| +2 < i 1 / 2 = r, the hypotheses of Proposition 5.1 hold and we 

deduce that qt(x,y) > ct~ d l 2 . 

For the case D 2 /t > 1 we use Lemma 5.2. Let x = zq, . . . , Zd = y be a 
shortest path between x and y, and let r = t/D. By (5.15), r > iVg +2 , while 
r < t 1 / 2 < R, so that Bi = B(z u r\ogr) C B and hence iV|+ 2 < 7V| +2 < r. So 
the hypotheses of Lemma 5.2 are satisfied and we obtain (5.13). □ 

Remark. The restriction in (5.15) is weaker than the hypotheses in the 
upper bound of Theorem 3.8, where we were able to use global upper bounds 
on qt to restrict to the case when t was close to D 1 / 2 . The lower bound 
argument for cD <t< cDN B +d requires the existence of a chain of small 
balls (of size roughly r = t/D) on which the lower bounds of Proposition 
5.1 are valid. If r = 0(1) so that t~D, then we can just use a path in the 
graph and (1.4) to deduce that qt(x,y) > e~ ct ~ exp(— c'D 2 /t). However, if 
D = t l ~ e , then we need r ~ t e 3> 1 and elementary bounds are not enough. 

For a very good ball B, the volume condition or the Poincare inequality 
fails for some subballs of size r < Nb- However, these may hold for enough 
small subballs so that we can still use Lemma 5.2, and in Section 2 it is 
proved, in the percolation context, that it is possible to find such a chain. 
Fix C E > 1 and C F > 1. 

Definition 5.4. A ball B = B(xq,R\) is exceedingly good if: 

1. We have B is very good with ^\r^°(^+ 2 ) < 

2. For each x 1 , x 2 £ B(x ,Ri) with d(xi,x 2 ) > R{ /4 and C E <r< N^ d 
there exists a path yi = zo, . . . , z^ = y 2 with the following properties: 

(a) Bi = B(zi,rlogr) is very good with N B +d < r; 

(b) k<C F d(x,y); 

(c) d(x j ,y j )<R{ /4 ,j = 1,2. 

Remark 5.5. If B is very good and N B +d < r < R/logR, then taking 
m = d(x, y) and zq, . . . , z m to be a shortest path between x\ and x 2 , we get 
a path satisfying 2(a)-(c) above, with yj = Xj. 
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Theorem 5.6. Let B = B (xq , R log R) be exceedingly good and letxi,x 2 € 
B(xq,R). Then there exist constants C{ (depending on Ce and C F ) such that 

qt(xi,x 2 )>c 1 t~ d/2 ex.p(-c 2 d(x 1 ,x 2 ) 2 /t), 

(5.16) 

R 1 / 2 Vd(x,y)<t<R 2 . 

Proof. Let R\ = RlogR and D = d(xi,x 2 ). By Theorem 5.3 it is enough 
to consider the case when t satisfies the condition in (5.16) but fails (5.14) or 

(5.15). Since t > R 1 / 2 > R{ /3 > A^ (a!+2) , (5.14) must hold. So we just need 
to consider the case when D <t < N B +d D. Note that this implies that 

In particular, D 2 jt 3> logt so that, for this range of t and D, terms of the 
order t~ d l 2 can be absorbed into the constant c 2 in (5.16). 

Let r = t/(2C F D), so that {2C F y 1 <r< {2C F y l N 2 ^ d . We have to con- 
sider two cases. If 1 < r < Ce, then we use (1.4) directly. Set s = t/D, so 
that C3 < s < C4, and we obtain qo s > e~ cD > exp(—cD 2 /t). 

If Ce <r, then we use the fact that B is exceedingly good so that there 
exists a path zo,...,Zk that satisfies conditions 2(a)-(c) of Definition 5.4. 
We have D<k< C F D, so that (2C F )~H <kr<\t and k/r < 2C 2 F D 2 /t. 
Applying Lemma 5.2, 

(5.18) q kr (zo,z k ) > c(kr)- d/2 exp(-c 5 k/r) > cr d/2 exp(-cD 2 /t). 

By (5.17), D 2 /t>R\ /4 >d(x 1 ,y 1 )\/d{x 2 ,y 2 ). Let D i = d{x i ,z i ). By (5.17), 
Di < R\ IA < t/8. Using (1.4), 

(5.19) qm,j(xj,Zj) >exp(-c 6 mj) > exp(-c 6 D 2 /t). 
Let u = D 1 +D 2 + kr. Then \t < u < |i. By (1.4), 

q t (x ,xi) > q u (x Q ,xi)q t -u{xi,xi) 

> qn (x ,z )qkr(zo, z k )q Dl (z k ,xi)q t - u (xi, xi). 

Using the bounds (5.18) and (5.19), and Proposition 5.1 to control the final 
term, we obtain (5.16). □ 

Theorem 5.7. Let d>2, and let Cq, Cy , Cp and Cw be constants. Let 
Q = (G,E) be an infinite graph that satisfies (1.1) and let x € G. 

(a) Suppose that there exists Rq = Ro(x) such that B(x,R) is very good 
with N^^^ < R for each R> Rq. There exist constants Ci = Ci(d,Co,Cv,C F , Cw ) 
such that if t satisfies 



(5.20) t > R Q 



2/3 
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then 

(5.21) q t (x, y) < dt^' 2 exp(-c 2 d{x, y) 2 /t), d(x, y) < t, 
and 

(5.22) q t (x,y)>c 3 t- d / 2 eM-C4d(x,y) 2 /t), d{x,y) 3 ' 2 <t. 

(b) If in addition there exists Re = Re{x) such that B(x,R) is exceed- 
ingly good for each R > Re, then the lower bound (5.22) holds (with con- 
stants depending in addition on Ce and Cp) whenever t > Re and t > 
d(x,y). 

Proof. Fix y € G and let D = d(x,y). We need to check that we can 
find R so that we can apply Theorems 3.8, 5.3 and 5.6. We begin with (a). 
Let R = t 2 / 3 , so that R > D; by (5.20) we have R > R . Let B = B(x,R); 

then N 2 B {2+d) < R. 

To apply Theorem 3.8 and obtain (5.21) we need (3.18) to hold, but this 
is clear since t > D 3 / 2 > D and 

N 2d+l < < = t 2 /3 K = ^3/2 < ^ 

B - B - - - lQgR 

To obtain (5.22), we use Theorem 5.3. Since R > D we have y £ B{x, R). Let 

Ri = RlogR. Since R x > R , B x = B(x,Ri) is very good with N^*^ < R\. 
So 

N 2 B {2+d) <RlogR<R 3 / 2 = t<lR 2 
and (5.14) is verified. Also, 

cDN 2 + d < c't 2 / 3 Rl /3 < t^R 1 ' 2 < t, 

so (5.15) holds and we obtain (5.22). 

(b) We now take R = t, so that R > Re- Then D < t = R and we ap- 
ply Theorem 5.6 to B(x,R\) with i?i = RlogR. Condition (5.16) is easily 
verified and the bound in (5.22) is immediate. □ 

We now prove an elliptic Harnack inequality for graphs satisfying the 
conditions of Theorem 5.3. The approach is the same as in Section 5 of 
Fabes and Stroock (1986), but we need an additional argument in Theorem 
5.11. 

Lemma 5.8. Let B = B(x , RlogR) be a very good ball with N B ^ d+2 ^ < 
R. Let d(xo, x\) < ^RlogR, let Bq = B(x\, R) and let q^(x,y) be the density 
of the process Y killed at the exit time rofY from Bq. Then 

(5.23) q?(x,y)> Cl t- d/2 , x, y G B(x h 3JR/4), c 2 R 2 <t<R 2 . 
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Proof. Whereas this argument is quite standard [see, e.g., Lemma 5.1 
of Fabes and Stroock (1986)], we only give a sketch. For x,y S Bq we have 

Qt(x,y) >q t {x,y) - E x l {T<t) qt- T (Y T ,y) 
( 5 - 24 ) >qt(x,y)- sup sup q a (z,y). 

0<s<tz€dB 

Let S € (0, g), d(x,y) < 5R and t = 5 2 R 2 . Using the estimates in Theorems 
5.3 and 3.8 in (5.24) we obtain, provided t and s = 9t satisfy conditions 
(3.18), (5.14) and (5.15), 

q^(x,y)>t- d / 2 \c 1 exp(-c 2 )- sup c 3 8~ d / 2 exp(-c 4 /(^ 2 )) 

o<e<i 

[If s is too small to satisfy (3.18), we use Lemma 1.1.] Hence if 6 is chosen 
small enough, we obtain 

(5.25) q?{x,y)>c 5 r d / 2 . 
A chaining argument now gives (5.23). □ 

Definition. Write B(x, R) = B(x, R)Ud e (B(x, R)).A function h:B(x, R) 
E is harmonic on B(x,R) if 

Ch(x)=0, xEB(x,R). 

We write Osc(/i, A) = sup A h — inf^ h. 

The following oscillation bound follows from (5.23) just as in Lemma 5.2 
of Fabes and Stroock (1986). 



Lemma 5.9. Let B = B(xo,RlogR) be a very good ball with N B 



2{d+2) 



< 



R. Let d(xo, xi) < ^RlogR, Bq = B(x\,R), B± = B(xi,\R) and h be har- 
monic in Bq. There exists c\ € (0,1) such that 

Osc(/t, Bi) < (1 - ci) Osc(/i, B ). 

Proof. By a linear transformation we can assume mine,, h = 0, maxs h - 
1 and J B hdfi> ^fi(B\). Then if x G B±, by Lemma 5.8, 

h(x) > f q% (x, y)h(y)n{dy) > ±c 2 ir<V(£l) > Ca- 
So Osc(/t,Bi)<(l-c 3 ). □ 



We also need an intermediate range Harnack inequality. 
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Lemma 5.10. Let B = B(xo,RlogR) be a very good ball with A?~£ d+2 ^ < 
R. Let d(xQ,x{) < \R\ogR, Bq = B(xi,R), and h be nonnegative and har- 
monic in Bq. Then if d(x\,y) <R/2 and r = R 1 / 2 , 

sup h<c\ inf h. 

B{y,r) B(y,r) 

Proof. Let B\ = B(xi,3R/4). We can assume inf^ h=l. The local 
Harnack inequality for graphs implies that if x ~ y and x,y € B\, then h{x) < 
Coh(y). Hence h(x) < exp(c2-R), x G Bq- We extend h to G by taking h = 1 
outside So- Let r be the first exit time of Y from £>i. Whereas h(Yt) is a 
martingale on [0, To], for x E B(x±,R/2), 

h{x) = E x h(Y tAr ) 

= E x l Bl (Y t )h(Y tAr ) + E x l B c(Y t )h(Y T ) 

= E x t Bl (Y t )h(Y t ) + E x t Bl {Y t )t [T<t) {h(Y T - h(Y t ))) + E x t B c(Y t )h(Y T ) 
< [ q t (x,y)h{y)d f i( y y)+exp(c2R)P x {T<t). 

JB! 

Using Proposition 3.7, the final term above is bounded by C3 exp(c2-R — 
c 4 R 2 /t) < c 3 if t < Rc 2 /ci. 

Now let d(z, x) < R 1 / 2 and s = \t with A > 1. Then if \6 < c 2 /c 4 , 

h{z)>E z t Bl (Y s )h{Y s )-E z t {T<t) h{Y s ) 

> f q s (z,y)h(y) dfi(y) - exp(c 2 R)P x (T < s) 
JBi 

> / q s (z,y)h(y)dfi(y) -c 3 . 

JBi 

Also, if u = R 2 , by Lemma 5.8, 



h(z)> q°(z,y)h(y)d»(y)> c b u- d ' 2 h(y) dfi(y). 
JB 1 J B\ 

Hence 

2h(z)> f (c 5 R- d + q s (z,y))h(y)d f i(y)-c 3 . 
J B\ 

Using Lemma 1.1, and Theorems 3.8 and 5.3, we can choose A so that 

c 5 R~ d + q s (z,y) >c e q t (x,y), y^B x . 

It follows that 2h(z) > c§(h{x) — C3) — C3, so that [as h(z) > 1] we have 
ceh(x)<(2 + c 3 (l + C6))h(z). □ 
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Theorem 5.11. Let B = B(x$,R log R) be very good, with N^ d+2) < R. 
Then if cL(xq,x\) < l^RlogR, Bq = B(x\,R), and h:B(j— > IR is nonnegative 
and harmonic in Bq, 

sup h<c\ inf h. 

B(x!,R/2) B(x lt R/2) 

Proof. We begin in the same way as in Fabes and Stroock (1986). Let 
03 = 1/4. From Lemma 5.9 it follows that there exists A such that 

Osc(/i, B(y, r)) < {2e d )~ 1 Osc(/i, B(y, Ar)) if R a * <r,Ar< R/8. 

(5.26) 

We normalize h so that mm B r xl h = 1. Let X2 S B(x\,R/A) satisfy 
h(x2) = 1. By Lemma 5.8, if y € B(xi,3R/A) and B(y,s) is good, 

1 = h{x 2 ) > c 2 [ R^ d h(y)dfi{y)>c 3 (s/R) d inf h. 

JB(v,s) B(y,s) 



Thus 



(5.27) inf h<c7 1 ^ r . 

B(y,s) ~ 3 S d 

Now let M r = 2c^ 1 e rd and a r = Re~ r . 



Suppose that there exists y r G B(x\, R/2) with h(y r ) > M r . Then, by 

(5.27) , Osc(h,B(y r ,a r )) > c% e rd . So, provided 

(5.28) a r > R as and Aa r < R/8, 

it follows that Osc(h,B(y r ,Aa r )) > 2e d c^ 1 e rd = M r+ i. Hence there exists 
y r+ i with d{y r ,y r+ \) < Aa r with h(y r+ i) > M T+ \. 

Choose ro so that Y^? Aa r < R/8. Then if sup B ( XlR /^ h > M ro , the ar- 
gument above implies that we can construct a sequence yj , ro < j < k with 
yj € B(x\,R/2) and /i(y-,) > Mj. Here k is the largest r such that (5.28) 
holds. We have M k = 2c^ 1 e kd = cR d a^ d > c^^ 1 "" 3 ). The local Harnack 
inequality in Lemma 5.10 implies that 

(5.29) inf h>c 5 c A R d(1 - a3) , 

B{y k M' 2 ) 

while (5.27) implies that 

(5.30) inf h<c^R d/2 . 

Since «3 < ^ this gives a contradiction if R > cq . So we deduce that 

sup h < M ro inf h. 

B(xi,R/4) B(xi,R/4) 

The Harnack inequality for B(x\,R/2) C B(xi,R) now follows by an easy 
chaining argument. □ 
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6. Random walks and percolation. In this section we tie together the 
results of Section 2 and Sections 3-5 and prove Theorems 1-5. We recall the 
notation for bond percolation: We take O = {0, l} Ed , write r/ e , e G E^, for the 
coordinate maps and take P p to be the probability on $7 which makes the r/ e 
i.i.d. Bernoulli r.v. with mean p. We assume that p> p c so that there exists 
Qq with Pp(f2o) = 1 such that for wGflo there is a unique infinite cluster 
Coo (a;). As in the Introduction we take Y to be the Markov process with 
generator C u given by (0.1), and write qf(x,y) for the transition density of 
Y as given by (0.2). Write (P%,x G Co) for the probability law of Y. 

PROPOSITION 6.1. Let p > p c . There exists S7i C $7 with P p (Oi) = 1 and 
S x ,x G 1i d , such that S x (u>) < oo for each u> G Qi, x G C^lo). There exist 
constants Ci = Ci(d,p) such that for x,y G Coo(cl>), t > 1 with 

(6.1) S x {cu)VdUx,y)<t, 
the transition density qt(x,y) ofY satisfies 

(6.2) Cl t- d / 2 exp(-c 2 ^(x,y) 2 /t) <^(^,y) <C3^~ d/2 exp(-C4^(x,y) 2 /^)• 
PROOF. Let the constants Co, Cy, Cp, Cw-, Ce and Cf (depending on 

d and p) be as in Section 2 and, as in Section 2, let a^ 1 = ll(d + 2). Let 
(N x ,x G Z rf ) be as in Lemma 2.24 and let J7i = : N x (uj) < oo for all x}. Let 
u; € S7i and x G Coo(o;). We set = Re(x) = N x and check the hypotheses of 
Theorem 5.7. Let i? > Re, B = B l0 (x,R) <^Q = Q(x,R) and n = 2R = s{Q). 

Whereas ui G -L(Q) C D(Q,ct2) P\H(Q,a2), applying Theorem 2.18(c) we 
deduce that B is very good with N B < C F n a2 < J R 1 /(io(rf+2)) _ 

Now let C E < r < iV| +2 and let x ± ,x 2 G B with d w (x 1 ,x 2 ) > R 1/4 . Whereas 
D{Q,a.2) holds, d UJ {x\,X2) > Choose m so that m/16 = [?TogrJ and 

apply Theorem 2.18(b) to deduce that there exists a path x[ = zq, . . . , zj = x' 2 
that satisfies condition (b) of Theorem 2.23. We need to verify (a)-(c) of Def- 
inition 5.4.2. Part (a) holds since Bi = B u) (zi,r\ogr) = B UJ (zi,m/16) is very 
good and Nb, < m 1 ' ^ +4 ^ < r l ^ d+2 \ For (b) we have j < C2.23.3lx1 — £2|oo < 
^C2.23.3^o;(xi, X2). Part (c) is easily verified as d UJ (xi,x' i ) < \n 1 l A < R 1 / 4 . 
Thus B is exceedingly good. 

So we can apply Theorem 5.7 to deduce that the bound (6.2) holds for 
t > Re and y such that d{x, y) <t. □ 

Proof of Theorem 1. Given Proposition 6.1, all that remains is to re- 
place the chemical distance d UJ {x,y) by \x — y\\. Whereas \x — y\\ < d u (x,y), 
the upper bound in (0.4) is immediate. For the lower bound, we take S x as 
in Proposition 6.1, and let x, y G Coo and t> S x with \x — y\\ <t. Choose the 
smallest cube Q of side n that contains x and y and with n> S x . Since Q is 
very good, by Proposition 2.17(d) we have \x — y\oo < Cpin 012 + 1) V \x — y\oo- 
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If \x — y\oo > 1 + n 012 , then it follows that d w (x, y) < c\x — y\oo, so the lower 
bound in (0.4) follows. If \x-y\oo < l + n Q2 , then d ul (x,y) < n a2 . So because 
t > S X i both d UJ (x,y) 2 /t and \x — y\ 2 /t are less than 1, and again the lower 
bound in (0.4) holds. □ 

Proof of Theorem 2. Fix x,y € Z d , let D = \x — y\i and fix t > D. 
Write A = {x,y G Coo}. Since C5 < P p (x,y € C^) < 1, it is enough to prove 
(0.6) for K p (qf(x,y)lA)- Let 5 X be as in the proof of Theorem 1 and let 
n = t/2. Then 

(6.3) E p (q?(x,y)t A ) =E p (qf (x,y)l A l {Sx<n} ) +E p (q?(x,y)l A t {Sx > n} ). 

By the proof of Theorem 1, if co G A and S x (co) < n, then qf(x,y) satisfies 
the bounds in (0.4). So the lower bound in (0.6) is immediate since 

E p (q?(x,y)l A )>E p (q?(x,y)l A l {Sx<n} ) 

(6.4) > c 6 exp(-c 7 D 2 /t)(F p (A)-F p (An{S x > n})) 
> c 6 exp(-c 7 ,D 2 /i)(c5 - c 8 exp(-t a/3 )). 

So if t > eg, then the final term in (6.4) is greater than ^ and we obtain 
(0.6). If i < eg, then with probability at least c§p D there is a path of length 
D in Cqo that joins x and y, and using (1.4), we deduce that on this event, 
qf(x,y) > c D > d . So (0.6) holds in this case also. 

To prove the upper bound, recall that by Lemma 1.1 we always have 
(when t>D) that 

q?(x,y) < cex.p(-2c 10 d OJ (x,y) 2 /t) < cex.p(-2c w D 2 /t). 

If exp(-cio-D 2 /0 < t~ d/2 , then the upper bound in (0.6) is then immediate. 
If not, then by Theorem 1 we have 

E p(9t ; (2;,y)lAl{5,<n}) < cnexp(-c 12 D 2 /t), 

so it remains to control the second term in (6.3). We have, provided t > C13, 

E p (q?(x,y)l A l {Sx > n} ) < F P (S X >n)< cexp(-ct Q ^) 

< t -d< t -d/2 exp (_ Cl0jD 2^ 

If t < C13, then (as D < t) we obtain the upper bound in (0.6) by taking the 
constant C2 large enough. □ 

Proof of Theorem 3. The proof follows easily from Theorem 5.11 
and Proposition 6.1. □ 

Proof of Theorem 4. (a) This is a well-known consequence of the 
Harnack inequality. Let h:Coo — ► (0,oo) be a global harmonic function. Re- 
placing h by ch if necessary, we can assume h>l everywhere and that there 
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exists xo with h(xo) < 2. Applying Theorem 3 to B UJ (xo,R) C B u (xq, 2R) C 
Cqo, when R is large enough we deduce that sup Buj ^ Xo ^ h < 2c\, so that h 
is bounded. 

Let B n = B(xQ,2 n R). Then Theorem 3 implies the oscillation inequality 
infs n h > c[ l sup Bn+1 h, so that Osc(h, B n ) < (1 — cj -1 ) Osc(/i, B n+ i). By it- 
erating we deduce that Osc(h,B n ) > (1 — cf 1 ) - ™ Osc(/i, £>o) and since /i is 
bounded, this implies that Osc(/i,i?o) = 0. Thus h is constant on any large 
ball and so is constant, (b) This is also standard [Lemma 5.2 of Fabes and 
Stroock (1986)]. Lemma 5.8 gives lower bounds on the transition probability 
q t ,U3 (x,y) for Y killed outside a ball B(xq,R) for all sufficiently large R. Let 
F be an event in the tail field and set f(s, x) = P UJ (F\Y S = x). Then < / < 1 
and / satisfies 

(6.5) f(s,x)= [ qt s (x,y)f(t,y)fi(dy), s<t. 

J Coo 

Fix xq £C, to>0 and set 

A(R) = B(xq,\R) x [t ,t + R 2 ]. 
Let g(s,x) satisfy (6.5) with min^ft) 5 = 0, max^R) 9 = 1 an d 

f g(t +4R 2 ,y)fi(dy)>l 
JB(xo,R/2) 

Then if (s, x) G A(R), 

g{s,x)> / q° t ^ +iR 2__ s {x,y)g(to + AR 2 ,y)ii{dy) 

> I c 2 R~ d g(t + AR 2 ,y)n(dy) 

JB(x ,R/2) 

>\c 2 R- d ii{B{x Q) \R))>c z . 
Hence there exists 5 > such that 

Osc(/, A{R)) < (1 - <5) Osc(/, A{2R)), 
and by iterating, it follows that / is constant. □ 

Proof of Theorem 5. The proof is immediate on integrating the 
bounds (0.4) and using (1.6) to control qt(x,y) for \x — y\\ >t. □ 
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